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PREFACE 


This book on non-electromechanical energy conversion is offered as a 
(ext for an undergraduate senior course, not particularly in the belief that 
the conversion devices described herein will soon replace conventional 
wenerators or any substantial number of them, but rather for two other 
reasons: 


(1) To gain a liberal technical education, students should be exposed to as 
many different aspects of basic knowledge as possible. At present, in the 
usual undergraduate electrical engineering curriculum, about half the 
courses (i.e., 60 to 70 credits) are devoted to electrical engineering subjects. 
Overwhelming emphasis is on the information-handling aspect: circuits, 
signal amplification, communication systems, etc. It seems only fitting to 
devote a course carrying at least three credits to the energy-conversion 
aspects of the same kinds of devices: 


CORRESPONDENCE TABLE 


Signal or Information- Corresponding Energy- 
handling Devices conversion Devices 
Semiconductor devices Thermoelectricity 
Vacuum and gaseous tubes Thermionic converters 
(jaseous tubes MHD engines 
Vhotoelectricity and photo cells Photovoltaic effect and solar cells 


(2) I'rom a practical point of view, an area of technology needs and attracts 
engineers when it is in the developmental stage. One can be fairly certain 
that a substantial number of today’s graduates will encounter one or 
another of these devices in the course of their professional careers, and some 
will engage in the development of these devices as their major work. 
Having given the reasons for proposing a course in this general area, 
wome remarks are in order on the selection and arrangement of material. 
As non-clectromechanical energy conversion is a rapidly developing area, 
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this book presents only a basic core of knowledge which is likely to be useful 
over the years. At first thought, one might surmise that energy conversion 
is a very diversified area. If so, it is so only in details, because there is a 
unifying principle for all types of conversion devices: the first and second 
laws of thermodynamics. This book emphasizes this unifying aspect. 

The secondary scientific facts are indeed multitudinous. At first, the 
writer had intended to treat these in one or two preliminary chapters, but 
this plan was abandoned after trial and further careful consideration. First, 
such a treatment can never match a course in modern physics. Second, as 
the pertinent scientific facts are rather scattered and specialized, their 
successive presentation without due motivation appears somewhat inco- 
herent and odd. 

In lieu of the abandoned plan, this text reviews the basic ideas and 
concepts which are the milestones of the development of quantum me- 
chanics and the theory of conduction (especially of semiconductors) in 
the present century. Since many of the pertinent facts are outgrowths of 
this major development, they become understandable and consistent when 
viewed against the theoretical background. Figuratively speaking, rather 
than making a survey of all the leaves on the tree of knowledge, we study 
the root, the trunk, and the pertinent branches. The leaves are treated in 
the later chapters only when they are needed for developing particular 
ways of energy conversion. 

The plan of presenting the pertinent scientific facts as needed rather 
parallels the way a good research engineer works. He can never have suf- 
ficient details of sufficiently diversified knowledge committed to memory, 
but he must have the depth and breadth of basic scientific knowledge which 
enable him to look up and understand whatever he needs whenever he 
needs it. In working through this book, the student will have a foretaste 
of coming attractions if his chosen career is research or development 
engineering. 

Finally, it is the writer’s pleasure to acknowledge with thanks and ap- 
preciation the constructive suggestions and encouragement from Professors 
J. R. Ragazzini, J. H. Mulligan, Jr., R. Wolfson and K. Morgan of New 
York University, Professor J. G. Truxal of the Polytechnic Institute of 
Brooklyn, and Dean William L. Everitt of the University of Illinois. 
Special thanks are due to Miss Catherine De Fabbia, Mrs. Onna Shaw, 
Mrs. Rose De Luca, Mrs. Eleanor Gilmore, Mrs. Marie Trotta, and Mrs. 
Mary Rooney for typing the manuscript. Last but not least, the writer 
wishes to acknowledge his gratitude to his wife for her help and support 
in the writing of this book. 

SHELDON 8. L. CHANG 
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CHAPTER ONE 


A SURVEY OF THE ENERGY 
CONVERSION PROBLEM 


To gain a perspective on the energy-conversion problem, various sources 
of energy and their natures are discussed. Among these, the two practically 
unlimited sources are nuclear fusion and solar energy. Utilizing these 
sources, presently available methods of energy conversion already hold 
promise of a nearly unlimited supply of electric power at low cost. 


1-1. THE PROBLEM OF POWER GENERATION 


I“lectric power generation is perhaps one of the fields of study neglected by 
college students as well as their professors. For years, it has been regarded 
as a field without opportunity. If, however, we bring together the facts 
known today, it appears that in the next few decades power generation will 
be one of the most challenging and fertile fields of activity for future 
lidisons and Steinmetzes. 


(1) At the present projected rate of power consumption, natural fuel 
deposits will be exhausted in the near future. To illustrate this point, we 
quote the following passages from J. A. Hutcheson’s paper, “Engineering 
for the Future’ :* 


Our scientists and engineers are secking new ways to obtain electric power from 
& variety of prime sources of energy. But most of it today comes from the burning 


"J. A, Hutcheson, Engineering for the Future”, Journal of Engineering Education, 
Vol, 60, No. 8, April 1960, pp, 602-607, 
1 
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of fuels deposited in the earth countless millions of years ago. In fact, at the present 
time, essentially all our energy, for whatever purpose we use it, comes from fossil 
fuels, including coal, gas and petroleum. Together these sources account for 96% 
of our energy supply. Almost all the remaining 4% comes from water power. 

It is pertinent to look at the world resources of fossil fuels. We find that estimates 
of these reserves vary widely, so to make use of them, I have chosen to take both 
the most optimistic and the most pessimistic estimates. Thus, if we translate all 
fossil fuels into the equivalent number of tons of coal, the most optimistic estimate 
of the world’s resources places them at 8,000 billion metric tons; the most pessi- 
mistic estimate is ten times smaller. At the present world rate of consumption of 
energy, the time for exhaustion of the world’s reserves is 4,000 years optimistically, 
or 400 years pessimistically. 

It must be emphasized that these estimates are based on the consumption of 
energy by the peoples of the world at current rates. These figures allow nothing for 
increase in world population or for a rising standard of living throughout the world. 
Today’s world population is over 2.6 billion. By 1980, United Nations estimates 
place it at 3.6 billion. Suppose a world population of even 3 billion wanted to achieve 
a standard of living comparable to that which you and I enjoy today. In such case, 
the optimistic estimate of our fuel reserves drops from 4,000 to 230 years, and the 
pessimistic estimate drops from 400 to 23 years. 

One cannot predict what factors will affect this situation. But it simply is being 
realistic to recognize that the trend is such that by the end of this century the 
problem of a supply of energy to maintain our standard of living may well be acute. 
Whatever the answer may be—fusion, or sources of power yet to be discovered 
certainly man’s voracious, frequently wasteful appetite for energy must be of in- 
creasing concern to the engineer of tomorrow. 





(2) In conjunction with the space science program, other basic methods of 
generating electricity have been investigated and successfully implemented 
on space vehicles. These methods could become more feasible than the 
present steam turbines and generators when nuclear fission and fusion 
become prime sources of power. Current research in alloy and semiconductor 
materials also tends to improve the relative feasibility of the newer methods. 


(3) As electricity is the one and only form of energy “‘that is easy to make, 
easy to transport, easy to use, and easy to control,’’* it will continue to be 
the terminal form of energy for transmission and distribution. 

In other words, it is more than likely that we shall see a revolutionary 
change in the basic industry of power generation in our time because of a 
shortage of traditional fuel. This pressing need for new ways of generating 
energy has stimulated present scientific thought. Because the source of 
fusion energy is practically inexhaustible, the same opportunity for stimu- 





"J, A. Hutcheson, “Engineering for the Future’, Journal of Engineering Mducation, 
Vol. 60, No. 8, April 1960, pp. 602-607, 
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lating scientific investigation will probably not arise again in the entire 
epoch of human tenancy on this planet. 


1-2. SOURCES OF ENERGY 


The primary sources of energy can be classified into the following categories: 


1. Solar 

2. Hydraulic 
3. Chemical 
4. Nuclear 


Here solar energy is used in its restricted sense of direct radiation. In a 
broader sense, hydraulic energy can be considered as solar energy stored 
within the past few weeks, whereas fossil fuel or chemical energy can be 
considered as solar energy stored in the past millions or billions of years. 

The immense magnitude of direct solar energy can be illustrated by 
the following estimate: Measurements show that the intensity of solar 
radiation at sea level on North American continent in the summer is ap- 
proximately 1 kw/m?. As the normal surface of the earth presented to the 
sun is 7k?, where F is the radius of the earth, the total solar energy at sea 
level is approximately 


1 kw/m? X + X (3960 miles)? X (1610 m/mile)? = 1.28 X 10" kw 


If 0.1% of the earth’s surface is used for converting solar energy to elec- 
trical energy at an efficiency of 5% (a figure well below that of some avail- 
able solar cells), the electrical energy generated yearly is 


1.28 K 10% kw X 0.001 X 0.05 X 24 X 365 = 5.6 X 10% kwh 


which is still about forty times the present annual rate of consumption of 
the whole world. 

Another interesting comparison is that the total fossil energy on earth 
is less than the solar energy incident upon earth in one year. 


As the first three forms of energy, solar, hydraulic, and chemical, are 
old friends and need little further description, we shall discuss some salient 
points about nuclear energy: 


(1) One way to describe the intensity of nuclear energy is to use a common 
term of the physicists, the electron-volt. An electron-volt is the amount of 
energy required to move an electronic charge a distance corresponding to 
a change in voltage from 0 to —1 volt, The energy deficiency which binds a 
valence electron to an atom is of the order of a few electron-volts whereas 
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the energy deficiency which binds nucleons (protons and neutrons) together 
to form an atomic nucleus is of the order of 10 million ev per nucleon. Con- 
sequently, the energy released per atom in burning fossil fuel is of the order 
of a few electron-volts, whereas the energy released in nuclear interactions 
is measured in millions of electron-volts. 


Chemical Reaction: 
2H. + Oo = 2H.O + 5.92 ev 


C + O2 = CO2 + 4.17 ev 


Fission Reaction: 
U5 + n —> stable nuclei + an + 1.65 X 108 ev (average value) 


Fusion Reactions: 
(1) H? + H? —> He? + n+ 3.2 X 10% ev 
(2) H? + H? —> H?+ H!+ 4 X 10% ev 

He + H? —> He! + n! + 17 X 10% ev 

As there are a great number of possible fission reactions, we shall not 

make a detailed list. The significant fact is that the average energy released 
per U** atom is 1.65 < 108 ev. In the fusion of deuterons there are two 
equally likely outcomes which are given as (1) and (2). In (1), two deu- 
teron atoms are used up, and the energy released is 3.2 mev (million elec- 
tron-volts). In (2), three deuteron atoms are eventually used up, and the 
total energy released is 21 mev. Thus the average fusion energy per deuteron 
atom is 

(3.2 « 10° + 21 X 10°) 

5 


= 4.84 X 10% ev 


In contrast, the kinetic energy of a gas molecule at room temperature 
is about 75 electron-volt! 


(2) The total energy stored in fissionable material is of the order of magni- 
tude of the energy stored in fossil fuel deposits. The available fusion energy 
is practically inexhaustible, however. By this, we do not mean that every 
hydrogen atom can be used in a fusion reaction. In fact, scientific evidence 
is strongly against this [3, 4]. Even if we could duplicate the conditions 
of extreme temperature and pressure inside the sun for a billion years, 
only 10% of the ordinary hydrogen nuclei would undergo fusion. About 
0.015% of hydrogen, however, is the isotope deuteron or H?. If we duplicate 
the sun’s condition for only a microsecond with deuteron nuclei, an ap- 
preciable number of fusion reactions will take place, ‘Thus fusion with H? is 
foreseeable but with H! is next to impossible. 
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To see the implication of the material cited, let us compare the ratio 
of fusion energy stored in 1 lb of sea water to the chemical energy stored in 
1 lb of coal: 

energy/lb H,O 12 4.84 * 10° x 2 


= 0.00015 - — 


= 230 
energy/lb C 18 4.17 


1-3. EINSTEIN’S £ = mc? 


Perhaps the most publicized law of natural science is Einstein’s EL = mc?, 
It means that neither mass nor energy is conserved by itself, but the two 
are conserved together, and the exchange rate between them is c?. 

The practical significance of this relation lies in the large exchange 
rate. If 1 kg of mass can be totally converted, the resulting energy is 


(3 X 108)? joules = 25 billion kwhr 


which is more than the total consumption of electricity by the whole world 
in any one day. Contemporary scientific knowledge, however, indicates 
that there is no way of totally converting a sizable mass into energy. Even 
in the most celebrated fusion reactions, only a minute fraction of 1% of 
the total energy is converted. 


Einstein’s law is useful in two ways: 


1. It gives a necessary condition for a nuclear reaction to take place. 
Consider the nuclear reaction: 


Aut Berk C de DQ 


where A, B, C, and D are nuclear particles and Q is the amount of energy 
released by the reaction. If the total mass of A and B is greater than the 
total mass of C and D, Einstein’s law at least does not say that the reac- 
tion is not possible. If it does take place, a positive amount of energy Q 
will be released. If the total mass of A and B is less than the total mass of 
C and D, Q is negative and energy must be supplied to A and B to make 
the reaction possible. This can be done only at high odds by nuclear bom- 
bardments, The reaction does not occur under natural circumstances. For 
instance, the reaction of a neutron spontaneously decaying into a proton 
and an electron: 


n'—> H! +e + Q 


is a possible one because the atomic mass of the neutron is 1.008982 whereas 
the atomic mass of a hydrogen atom (nucleus together with an electron) 
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is 1.008142. But the reaction of a hydrogen atom becoming a neutron 


oe ee rn 
is impossible. 


2. It allows the energy released in a nuclear reaction to be exactly calculated. 
From Einstein’s relation 


Q = Ame? (1-1) 


where the mass difference Am is the total mass of particles entering a reac- 
tion minus the total mass of particles resulting from a reaction. 

One important simplification of the above relation is use of atomic masses 
instead of the masses of the particles. For instance, Am of fusion reaction (1) 
can be calculated as 


Am = 2 X mass of deuteron atom 


— mass of helium? atom — mass of neutron 


The mass of each deuteron atom includes that of an extra electron. The 
mass of a helium atom includes that of two extra electrons. Thus the 
extras are canceled out exactly. In general, the total charges of the nuclei 
remain unchanged in a reaction without 6-decay, and the total number of 
electrons to make up the atoms does not change. In case an electron is emitted 
(B--decay), the emitted electron is exactly what is needed to make up the 
required extra electron in the new atom. In case a positron is emitted 
(8+-decay), the Am, as calculated from the atomic masses, is too large by 
exactly the mass of two electrons. As the positron can never last, however, 
nor should it be allowed to escape, it eventually annihilates an electron 
and releases the energy 2mc?, where m is the mass of an electron. The calcu- 
lation is again correct as it not only accounts for the initial energy release, 
but also the subsequent energy release due to annihilation of the positron 
electron pair.* 


As an example, consider the decay reaction 
Cot + NY ee PQ 


The Co atom has 27 electrons whereas the Ni atom has 28. The mass 
difference between a Co atom and a Ni atom is exactly the same as the 





. 


* The only exception to the rule is when a nutrino or an antinutrino is emitted. These 
particles can penetrate great thicknesses of matter without being stopped and they are 
likely to escape and cause a reduction in the total energy released, In all known reactions, 
however, they amount to only a small fraction of the total energy released; therefore 
they do not change the order of magnitude of the latter, 
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mass difference between a Co nucleus and a Ni nucleus plus an electron. 
The atomic weights are 


Co®: 59.95250 
Ni®: 59.94948 

The energy released per atom is 
__ 0.00302 X 9 X 10% 


6.0247 oS 1026 = 4.51 be 107-8 joule 


lev 
1.6021 * 10-” joule 


4.51 X 10~% joule X 


ll 


2.81 XK 10° ev 


To get some idea of how radioactive fuel compares with conventional fuel, 
we calculate the following ratio: 


energy /lb Co® a 12 2.81 X 108 
energy/lb C 60 4.17 


= 1.35 X 10° 





Thus one pound of Co” is approximately equivalent to 60 tons of carbon 
in its fuel value. 

The isotope Co® has a half-life of 5} years and is certainly “hot’’ enough 
to be used as a fuel. It is not a prime energy source, however, as intensely 
radioactive materials are not found in nature. These materials would have 
decayed long since the day of their creation. They can only be manufactured 
in a rather expensive way in a nuclear reactor. 

The advantage of these materials over fission and fusion fuel is the 
ability to use them without much auxiliary equipment and over a long 
period of time. In space applications where the space vehicle is very far 
from the sun and solar cells are no longer economical, radioactive isotopes 
are the best primary power for instrumentation and communication. 


1-4. ENERGY CONVERSION CHART 


igure I-1 illustrates the various ways of converting different forms of 
natural energy into electrical energy, The natural energies are listed at the 
bottom of the chart and the paths leading to electrical energy are shown. 
The solid-line paths represent conversion processes which have been proved 


feasible at least experimentally, The fusion processes are represented by 
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Fig. 1-1. Energy ConvEersIoN CHART. 


broken lines, as their feasibilities are still in doubt. We know that fusion 
energy can be released at a tremendous rate, as in the sun’s interior or in 
a hydrogen bomb. We also know that fusion energy can be released in 
small doses under laboratory-created high-temperature conditions with far 
more energy put into the process than the energy released. As yet, we do 
not know whether fusion energy can be released at a moderate, self-sus- 
taining rate so that it can be harnessed and converted into electrical 
energy. At present, the most exploited paths are 
steam 3 
turbine generator , 
fossil fuel —> heat —> mechanical energy —> electrical energy 
hydraulic 
turbine generator 
hydraulic energy —» mechanical energy — > electrical energy 
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The machines most frequently used to effect the conversions are indicated 
on top of the links. What method of energy conversion will be used in the 
future, however, is a big question mark. For instance, if the fusion process 


can be used we may have 


magnetohydrodynamic 
generator 


nuclear fusion —~ electrical energy 
thermoelectric or 
thermionic 
nuclear fusion —> heat —~> electrical energy 
steam 
turbine generator 
nuclear fusion —> heat —> mechanical energy —> electrical energy 


The first path illustrates direct generation of electricity from the plasma 
(high-temperature ionized gas) resulting from nuclear fusion. The second 
and third paths illustrate utilization of the heat released by nuclear fusion 
instead of direct utilization of the plasma. Of course, the two basic ways 
can also be used in conjunction. It is not yet known which method or com- 
bination of methods is most efficient. 


1-5. A LOOK TOWARDS THE FUTURE 


Summarizing the foregoing, we see the following picture: 


(1) The conventional energy source, fossil energy, is rapidly being ex- 
hausted and is totally inadequate to meet future needs. 


(2) The technology of making use of fission energy is quite well developed, 
and in all likelihood, fission energy will play a substantial role in the near 
future. As available fissionable material is limited, however, and its total 
energy is of the same order of magnitude of the fossil energy, the develop- 
ment of fission energy is not likely to be more than a stepping stone from 
a long-range viewpoint. 


(8) There are two practically inexhaustible and unlimited sources of 
energy: solar and fusion. The process of converting fusion energy into elec- 
trical energy is still not developed. The most efficient process of converting 
solar energy into electrical energy is the solar cell, It has proved feasible in 
terms of conversion efficiency, but is too expensive with the present facilities 
for manufacturing, Another characteristic drawback of solar energy is 
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that a substantial part of the surface of earth must be covered with con- 
version devices. The construction and maintenance of such a system is a 
gigantic task by any standard. 


What prediction can we make then from these known facts? It is highly 
unlikely that technology in power generation will halt at the present state 
of affairs, and a worldwise program of conservation of resources be in- 
stituted. For one thing, the prospect of practically unlimited availability 
of electric power is too good and valuable to be given up lightly. To a lay- 
man, electric power is no more than the utility which energizes electric 
motors in the factory, and refrigerators, washing machines, and light 
bulbs at home. But it is far more than that. It is one of the basic cost 
factors which determine what enterprise or mode of life is feasible or not 
feasible in an industrial, scientifically enlightened society. For instance, 
many desert lands can be converted into fertile soil if drinking and irriga- 
tion water is available. The method of converting sea water for this purpose 
is not lacking except for the power cost. Although at the present rate, the 
methods are too prohibitively expensive for most applications, the balance 
can be changed if sufficient electric power is available at low cost. As an- 
other example, most of us enjoy the freedom offered by an automobile. 
What if petroleum deposits are used up or nearly used up? Does that mean 
that in future generations almost everyone must depend on public trans- 
portation? The answer is no if there is adequate supply of electric power 
so that synthetic fuel can be economically made. As a third example, the 
ultimate factor which distinguishes a high-grade ore from an ore of mar- 
ginal quality is no other than the cost of electric energy for separating the 
desired metal from the remaining material. To speak figuratively, an almost 
unlimited supply of electric power is the magic wand which turns deserts 
into fertile soil, inert compounds into fuel, and rocks into rich mines. Its 
potential benefits to mankind cannot be overstated. 


Yet the goal of practically unlimited supply of electric power is already 
within sight. Even if the conversion of fusion energy proves to be a dead- 
end alley, there is no insurmountable hurdle in the way of developing 
solar energy. The basic material for making solar cells is silicon, which is 
literally everywhere on earth. The production and maintenance of solar 
cells are the kind of processes which adapt readily to automation. In the 
last analysis, the major cost item, beside human efforts and ingenuity, is 
again electric energy, of which far less is required in comparison to the 
total amount generated in the practically unlimited lifetime of a solar cell. 
It is quite safe to conclude that, in one way or another, the worthwhile 
goal of a practically unlimited source of electric power can be realized and 
that it is a task which should prove to be both challenging and rewarding. 
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1-6. A WORD ABOUT THE PRESENT VOLUME 


This volume is concerned mainly with the last link to electric energy listed 
at the top of the energy-conversion chart except the problem of conversion 
between electrical energy and mechanical energy. It gives the basic prin- 
ciple as well as an analysis of the important factors which limit the per- 
formance of each type of energy converter. As the electromechanical 
energy-conversion link is the best-developed and analyzed, its inclusion 
in this volume does not appear necessary. 

In subsequent chapters, the mks system of units is used. This system 
has the advantage of being both consistent and unique, in the sense that 
there is only one unit for each physical entity. When we write a mathe- 
matical symbol to represent a physical quantity without specifying the unit 
we mean that the appropriate mks unit is used. This cannot be done if me 
use English units. For instance, if the physical entity is length, the only 
possible unit in the mks system is the meter but it could be anything in 
the English unit-the foot, inch, yard, mile, etc. The use of mks units also 
results in great simplification of the proportionality constants in equations. 

A conversion table of mks to cgs and English units and vice versa is 
given in Appendix A. 
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PROBLEMS 
I=1. In the fusion reaction of a pure deuteron gas, the following assumptions are 
made; 


(a) About 80% of the deuterons are used up in» flash during which time no 
energy has escaped, 


12 THE ENERGY CONVERSION PROBLEM 


SEC.91-6 


(b) The gas is completely ionized, i.e., none of the electrons is bound to a 
nucleus, and the released fusion energy is divided alike by all particles 
present: electrons, neutrons, and various types of nuclei. 

Calculate the average energy EH per particle. The temperature T of the gas is 


related to H by 


247 


Calculate 7. The constant k is given as 8.616 x 10-* ev per degree. 


1-2. The atomic mass in kilograms is the mass of No atoms, 


where Np is Avogadro’s 


number 6.0247 X 106. The following atomic masses are given 


n 


Ht 


Use Einstein’s equation H = 


in reaction (2). Does your result check w 


(1 ev = 1.6021 X 10-¥ joule)? 


1.00898 
1.00814 
2.01474 
3.01700 
4.00387 


me and calculate the fusion energies released 
ith the figures 4 X 10° ev given 


1-3. Calculate the atomic mass of He* from the fusion reaction (1). 


1-4. What is the excess molecular mass of C and O2 together over th 
ee of accuracy do we need to improve the balance in order to detect 


what degr 
mass difference in chemical reactions? 


at of CO.? To 





CHAPTER TWO 


BASIC SCIENCE 
OF ENERGY CONVERSION 


eae and second laws of thermodynamics are two fundamental laws 
a energy-conversion systems. Within the confines of these laws 
Lares ee and the subsequent development in semiconductare 
“2 she ed an important vehicle for the advancement of the methods 
aad conversion and materials for effective realization of these 
. Meet the classical thermodynamic theory and the modern quantum 
i ory are thus equally important, engineering work in this area usuall 
requires quantitative and precise application of the former but only qualit 4 
live application of the latter. A reader is expected to understand ae nar 
ment of the two laws of thermodynamics in Part A thoroughly. An equall ‘ 
thorough understanding of Part B is desirable but not as euebits i O 
may accept the existence of photons, discrete energy states bend we t < 
of solids, Fermi factor, and conduction by electrons and holes as i a te “d 
facts and proceed to the later chapters on that basis tera 


A. THE TWO LAWS OF THERMODYNAMICS 


he two laws of thermodynamics are 


ry ‘ * 
|, ‘The principle of conservation of energy 
a ry al ‘ 2 
2, ‘The principle of non-decrease of entropy 
13 
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The principle of conservation of energy yields an exact equation for the 
total energy balance in any energy conversion system; the principle of 
non-decrease of entropy places a value on the generation or transfer of 
heat in any energy conversion system. Each principle is as fundamental 
as the other. Just as we cannot prove the conservation of energy, we cannot 
prove the non-decrease of entropy without assuming an equally funda- 
mental alternative. As entropy is a rather abstract concept, however, it is 
worthwhile to state the second law in its more intuitive form: 


It is not possible to transfer heat from a cold body to a hot body 
without changing something else. 


The foregoing statement was due to Clausius and will be referred to as 
2(a). We shall show that 2 follows from 2(a), and vice versa, and introduce 
the concept of reversibility and entropy in the course of the proof. The 
significance of the development is that, whereas 2(a) is almost common 
sense, 2 is so sweeping and significant that many physical laws and design 
equations of energy conversion systems follow from it. 

The first and second laws are then formulated into a systematic method 
for analyzing energy-conversion devices. 


2-1. PRINCIPLE OF CONSERVATION OF ENERGY: THE FIRST 
LAW OF THERMODYNAMICS 


The conversion between mass and energy as discussed in See. 1-3 does not 
occur under ordinary circumstances. The conversion of energy into mass 
has been known to exist only in laboratory-created high-speed collision 
processes of isolated particles. Even then, the number of particles involved 
is very small, and the total energy converted into mass is negligible. The 
conversion of mass into energy can take place only with specially prepared 
material which can be regarded as a kind of fuel which liberates energy 
when it itself is “burned” into ‘‘ash.” These materials and the devices for 
utilizing them to generate heat can be readily identified and treated sepa- 
rately as sources of heat. Energy is conserved by itself in the remaining 
system. 
Consider a complex system. The energy stored in the system may con- 
sist of . 

1. Internal energy, such as nuclear, chemical or thermal energy 

2. Electrical energy in the form of electromagnetic or electrostatic 


_ energy 
3. Mechanical energy in the form of kinetic or potential energy 
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Energy may be imported into the system by conducting, convecting, or 
radiating heat into the system, or by doing work méchanicelly or sae 
trically upon the system; or it may be exported from the system by con- 
ducting, convecting, or radiating heat away, or by allowing the system to 


do the work. Let 
U = total internal energy, 
AQ = net heat transferred into the system, 


AW = net work done by the system, 


= total work done by the system — tot 
= al k 
system. work done upon the 


The principle of conservation of ener i 
gy states that th in i 
energy AU is related to AQ and AW by ge eae 
AU = AQ — AW (2-1) 
Since the energy balance should hold for an infinitesmal change 
? 
dU = dQ — dW (2-2) 


| ee other words, the total energy of any system is constant. It is simply 
igs ted from one form to another. We shall illustrate the application of 
Inq. (2-1) and Eq. (2-2) by a few examples: 


xample 2-1: A three-phase 440-volt 75-hp induction motor has a full- 
if aud line current of 89 amp at 90% power factor, and is cooled by forced 
air. How much heat is dissipated into the cooling air and the surroundings 
per second if the motor is to operate at a steady temperature? 3 


OLUTION: If the motor is to operate at a steady temperature, AU = 0 
und Iq. (2-1) gives the energy balance in 1 sec as 


AQ = AW 


’ 


ll 


mechanical output — electrical input 
= 75 X 746 joules — 440 v3 x 89 X 0.9 joule 
= 56,000 — 61,000 = —5,000 joules 


The heat dissipate ’ i i j 
pated by the motor in | sec is —AQ = 5,000 joules. 


Before giving Mx. 2-2 ‘ee Of f ; 
giving Iox, 2-2 and Ex, 2-8, we shall review briefly the properties 


of the ideal gas, A well-known physical law is the ideal gas law: 


pV = mk (2-3) 
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where p = pressure in newton/m?, 
V = volume in m*, 
T = temperature in °K, 
R = a universal constant, 8310 joules/°K, 


amount of gas in kilogram molecular weight. For instance, the 
molecular weight of Oz is 16 K 2 = 82. If the mass of O2 under 
consideration is 2 kg, then m = 2 kg/32 kg = 0.0625. The unit 
of kilogram molecular weight is abbreviated as kilogram mole. 


m 


Another well-known fact about the ideal 
gas is that its internal energy U is a function of 
temperature only. 

There are two types of specific heat: Cy 
is the specific heat of a kilogram mole of gas at 
constant volume, and C, is that at constant 
pressure. Referring to Fig. 2-1, if the piston 
is held fixed and heat is applied to the gas 
through the walls, then the temperature rise 
AT is given by 


[AQ ]v—constant en mCy AL (2-4) 







Piston of 
Force F | hy 


Pressure 2 


If the pressure is kept constant by applying a 
constant force 
F = pA (2-5) 


against the piston, which is otherwise allowed Fis: 24. A TatOn 3. 
CYLINDER UNIT. 


to move freely, then 


[AQ ]p—constant - mC » AT (2-6) 


Example 2-2: Show that 
C,=Cy +k (2-7) 


So.turion: Consider the case when the piston is held fixed, AW = 0. 
Equations (2-1) and (2-4) give 
AU = mCy AT (2-8) 


en a force F is applied to the piston, which is 


Now consider the case wh 
s free to move. The 


balanced by the pressure from inside, and the piston i 
work done by the gas is 


r 
AY = Fin m 218 Ac = pAV (2-9) 
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As the internal energy U is a functi 
i nction of j 
still valid. Equation (2-1) gives ERO TN phen vee 
AQ = mCy AT + pAV (2-10) 


For infinitesimal chan: i 
ge, Eq. (2-10) is true wheth i 
If p remains constant, Eq. (2-3) gives coon 1 SA aca ae 


pAV = mRAT (2-11) 
Substituting Eq. (2-6) and Eq. (2-11) into Eq. (2-10) gives 
mC, AT = mCy AT + mR AT 

Dividing the foregoing equation by m AT’ gives Eq. (2-7) 
E oF te bes 
Bee - 3: An adzabatic process means that there is no heat exchange 
* pgs e system under consideration and its surroundings: AQ = 0 

1 Fig. 2-1, this would be true if both the cylinder and the piston were 


thermally insulated. Show th i i 
: at for adiabatic i i 
a gas, the following equations are true: io aoe ae 


pV’ = constant, (2-12) 
TV = constants (2-13) 


a y ee to denote the ratio C,/Cy. Subscripts 1 and 2 mean that 
1ese constants are different. They will not b i i 

eco : e Ww itly i 
‘pplications of these equations in later sections SPE aie ti 


SoLution: From Eq. (2-7) 
Rk zs Cp — Cy 
Cy Cy 
Botti Bag 
otting AQ = 0 in Eq. (2-10) and substituting mR T/V for p gives 


mCy aT + mRT— onl 


a ome d _ used instead of A, since, with p varying, Eq (2-10) is valid 
nly for an infinitesimal change. Dividi ine ceuatt 
und substituting y — 1 for R/Cy give Serna Aprons & 


Integrating the precedin | i i 
: , g equation gi 4) pat Shade 
for 7’ in Bq. (2-13) gives I gives Inq. (2-18). Substituting pV/mR 


constants 


pVr bed ee 
mie 


constant, 


18 BASIC SCIENCE OF ENERGY CONVERSION SEC. 2-2 


2-2. HEAT CONTENT AND ENTHALPY 


When a piece of material is being heated or cooled, it is usually not con- 
fined to a fixed volume. More frequently, a constant pressure is applied to 
the material. With p constant, the work done by thermal expansion of the 
material is 

AW = pAV = A(pV) 


Equation (2-1) becomes 
AQ = A(U + pV) (2-14) 


The quantity U + pV is called the enthalpy and also heat content of the 
material. It is usually denoted by the symbol H: 


H=U+odV (2-15) 
If p is not constant, Eq. (2-2) gives 
dQ = dU + pdV = dH — Vdp 


Consider a process which takes the working material from State 1 with 
pressure p; and volume V; to State 2 with pressure pz and volume Ve. The 
heat absorbed by the material is obtained by integrating the foregoing 
expression: 


3 
aq = an - [ V dp 
af 


In general AQ ¥ AH. If p increases throughout the process, AO <A Ts 
p decreases throughout the process, AQ > AH. We see that H represents 
the heat content literally only in the special case of constant pressure proc- 
esses. In general, the increase of H of a material is not equal to the heat it 
absorbed. 

What then is the real significance of H? Why is Q not defined as the 
heat content? 

Actually, given the initial and final states, the value of AQ is not known 
at all, The heat absorbed usually depends on the process or path. To illus- 
trate this point consider an ideal gas initially at a pressure pi and occupying 
a volume V;. The gas is heated until it finally reaches a pressure p2 and 
volume V2: f 

po = 21 


Vo = 2V,4 
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On the p-V diagram of Fig. 2-2, only 
the initial and final points are fixed, 
and there are many ways of reaching 
the final point from the initial point. 
For instance, we may fix the position 
of the piston of Fig. 2-1, heat the gas 
at constant volume until its pressure 
reaches po, and then keep the force in 
balance with pe and heat the gas at 
constant pressure until its volume 
0 2 p, Pp reaches V» as illustrated by path (a). 
Alternatively we may heat the gas at 
constant pressure first and then at 
constant volume as illustrated by 





Fig. 2-2. A VoLumE versus 
PressuReE DIAGRAM. 


path (b). 
At the final state, the temperature 7) is 
mR mike 
At the middle points, the temperatures 7; and 7’, are 
L, = 1, = 27; 


‘Therefore, 


(AQ) = mCy(2T; — T1) + mC, (47, — 27;) 
= (CyT, + 2C,7T1:)m = (8Cy + 2R)m7, 
(AQ), = mC,(27, — Ti) + mCy (47, — 274) 
= (3Cy + R)mT, 
AH = A(mCyT + mRT) = m(Cy + R) AT 
= 3m(Cy + R)T1 


The preceding calculations illustrate that the heat absorbed by the 
ws depends on the path it takes to reach the final state and is not 1 
(o the increase in H. ev 

lhere are two types of thermodynamic variables: a variable of the state 
depends only on the state or condition the material is in: a variable of the 
path depends not only on the state of the material but ‘ls on how that 
“lute is reached, Among the thermodynamic variables which have been 


discussed, p, V, 7, U, and 1 are variables of the state, and Q is a variable 
of the path, 
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For a homogeneous material there are two independent variables of 
the state. The other variables of the state can be expressed as functions 
of these two. The properties of the material are specified by these functions. 
The choice of the two independent variables is not unique, e.g., p, V; p, 7; 
ete. 

For example, the variables p and V of an ideal gas can be selected as 
the independent ones. Then, 











Vv 
eres 
mR 
CypV Vv 
gees OM, gorges! ees 
R y¥-1 
Vv 
H=U+pV = — 


Alternatively, p and H may be selected 


—1)A 
yu ) 
YP 
H 
U=-— 
Y 
ia ae 
ymR 


The condition or property of a material can only be specified by variables 
of state. 

Keeping the foregoing in mind, we see that the term heat content is 
very misleading: Its literal meaning is the heat contained in a material. 
Since it describes a condition of the material, it should be a variable of the 
state. On the other hand, if a material absorbs an amount of heat AQ; 
then, in plain English, its heat content should be increased by AQ. But 
since AQ depends on the path, heat content becomes necessarily a variable 
of the path. The difficulty lies in that a material has no property which is 
literally a heat content, and the word “enthalpy” was coined to avoid this 
difficulty. ; 


We may say that the enthalpy, H, is a variable of the state which can 


be identified literally as the heat content in the special case of processes 
with constant pressure, Being a variable of the state, however, its signifi- 
cance is not limited to this particular type of processes, Other significances 
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of H will be discussed later, in connection with flow processes in Chapter 
5 and in connection with free energies in Chapter 7. 

As the terms heat content and enthalpy are used synonymously in the 
literature, we shall continue that usage; both terms mean H as defined in 
Eq. (2-15). 


2-3. ORDERLY AND DISORDERLY ENERGY 


As discussed in the preceding section, energy may take many forms, with 
different attributes. What really counts in any conversion process is 
whether the energy is in an orderly or a disorderly form. The kinetic and 
potential energies of a moving body are orderly forms of energy: The 
kinetic energy is due to the coordinated motion of all the molecules with 
the same average velocity in the same direction. The potential energy is 
owing to the vantage position taken by the molecules, or displacements of 
(he molecules from their normal positions. Similarly, the electrostatic 
energy is due to a gathering of charged particles of the same polarity, and 
the electromagnetic energy of an electric current in a coil is owing to the 
coordinated drift of charge carriers which induces a magnetic field which 
in turn tends to sustain the continued drift of the charge carriers. 

In contrast to the forms of energy just cited, the thermal energy or 
heat is due to the random movements of molecules in a completely dis- 
orderly fashion. The motion of an individual molecule is not related to any 
other molecule, and the average velocity in any direction is zero. 

In between these two extremes, chemical energy may be considered 
partially orderly. 

Our experience shows that orderly energy can be readily converted 
into disorderly energy. For instance, mechanical and electrical energies 
can be converted into heat by friction and 7?R loss. Orderly energies can 
ulso be readily converted into one another. But we have no machine which 
draws heat steadily from its surroundings and converts it into motion or 
electrical energy. Furthermore, Statement 2(a) is the same as saying that 
disorderly energy at a lower temperature cannot be converted into dis- 
orderly energy at a higher temperature. Thus there are natural limitations 
on the conversion of disorderly energy into orderly energy or into disorderly 
energy at a different temperature. 

In terms of energy conversion, the principle of conservation of energy 
vols up an equation between the ingredients entering a conversion process 
and the products of that process. But another principle is needed to indi- 
cate the direction in which the conversion may go. Sometimes, it is possible 
in one direction only; sometimes, it is possible both ways, In order for an 


jaa 
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energy conversion process to work, the direction it takes must be a possible 
one. If both directions are possible, then the new principle must be able to 
indicate the factors by which we can control the direction of the conver- 
sion process. 

The discovery of such a powerful principle of immense practical value 
from the relatively insignificant clue of Statement 2(a) was made by a 
few scientists early in the nineteenth century. This second principle, or 
second law of thermodynamics, was contained implicitly in the work of 
Carnot in 1824, but it was first clearly stated by Clausius and Lord 
Kelvin independently in 1850 and 1851, respectively. The reasoning 
of these scientific sleuths beggars the best detective stories ever written, 
and in all likelihood, those not yet written. In the following sections, we 
shall describe the essence of this superb deductive process and spice it 
with some engineering flavor. 

We begin by introducing a few useful terms. 


2-4. THE HEAT ENGINE, REFRIGERATION ENGINE, THERMAL 
EFFICIENCY, AND THERMAL EXCHANGE RATIO 


Man-made engines usually utilize a certain tendency of nature in order to 
do some work or to reverse the natural process by putting some work into 
it. An outstanding example is illustrated in Fig. 2-3. There is a heat res- 
ervoir 2; at temperature 7’; and a heat reservoir Rez at a lower temperature 
T2. In Fig. 2-3(a), instead of allowing heat to transfer freely from R, to 
Rs, we use a heat engine to exploit this process in order to produce some 
useful work W’. Thus the heat Qj taken from R, is no longer equal to the 
heat Q2 delivered to Re. From the conservation of energy, we have 


W' = -Q (2-16) 


An example of heat engine is the steam turbine. FR, is the boiler; Rz is the 
surrounding atmosphere or cooling water which absorbs heat from the con- 
densing steam. Not so obvious an example is the internal combustion 
engine. Here, the ignition of the fuel supplies Qi and takes the place of Ri. 
We may regard 7) as the gas temperature at the completion of ignition. 
In Fig. 2-3(b), the natural process is reversed by applying an external 
work W” to the system. Heat Q*% is taken from FR, by the refrigeration 
engine, and heat Q7 is delivered to R,. Because of conservation of energy, 


Qi = Q:+ Ww" (2-17) 


The air-conditioner is an example of a refrigeration engine, The air-condi- 
tioned space is 2; the external atmosphere or cooling water is 7). 
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A, heat 
reservoir 
at 7, 







Ao, heat 
reservoir at 
I 






(7) Heat engine 






f,, heat 
reservoir at 
i, 







reservoir at 
ip 





(5) Refrigeration engine 


Fig. 2-3. Buock D1acramM or THERMODYNAMIC ENGINES. 


In the previous discussions as well as the discussions to follow, it is as- 
sumed that the heat and refrigeration engines are operating under steady 
slate condition. The engine condition, which includes temperatures at 
various points, working material, etc., remains unchanged before and after 
the energy-conversion operation. Thus the only changes which have taken 
place are the heat exchanges at the reservoirs and the work W either 
absorbed or delivered. 

A measure of the effectiveness of a machine is the ratio: 


useful output 
total input 
lor a heat engine, the useful output is mechanical work, W’, and the total 
input is thermal energy, Qj, at temperature 7). Thus, 
wh 


= — = — (2-18) 
Qi W'+Q 


7 


In Eq, (2-18), 7 is the usual definition of thermal efficiency for a heat engine. 
On the other hand, for a refrigeration engine, the useful output is a redue- 
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tion in thermal energy, Q%, and the input is the mechanical work, W”. The 
ratio which interests a designer is the coefficient of performance, C: 


” 
2 


C 





7 (2-19) 
It should be realized that C can be greater than unity and often is very 
much greater than unity. 

Another important ratio is the thermal exchange ratio, p. For any 
engine, p is defined as the ratio of thermal energies transferred at the lower 
and higher temperatures: 


2 2 
0” Fa Oa p” re (2-20) 
1 1 


From the definitions in Eq. (2-18), Eq. (2-19), and Eq. (2-20) and from 
Eq. (2-16) and Eq. (2-17), we obtain 





= An i-e (2-21) 
1 

" p” 
Cag sent a (2-22) 


As mentioned previously, the following is one important condition in 
measuring the quantities Qi, Q1, Q3, Q2, W’, and W”’: 


There is no change in the engine itself at the end of the operating 
pertod from what tt has been at the beginning of the operating pertod. 


Otherwise, the measurement would be meaningless because we do not know 
whether the changed engine will have the same operating efficiency as 
before. To drive home the significance of this condition, let us consider a 
radical case. We may put a d-c motor and a storage battery in a black box 
and call it an engine. Heat can be transferred in and out of the black box 
and work is done by the black box. To all appearances, it is an engine. At 
the end of the operating period, however, the engine cannot be the same as 
before because some electricity has been drained from the storage battery. 
With the very general description we have, we need the condition of no 
change to exclude all hoax engines. Otherwise, we can say nothing of the 
engine performance. 

From a more practical standpoint, all engines arrive at a steady state 
condition of operation after some initial operating period. The test pro- 
cedures usually call for establishing the steady state operating condition 
first. before making any performance measurements. Most engines operate 
cyclically, and to be rigorously correct, one must require that the measure- 
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ments be made over an integral number of cycles. As the measuring period 
usually contains a large number of operating cycles, however, this last con- 
dition is generally ignored in practice. 


2-5. REVERSIBLE AND IRREVERSIBLE ENGINES 


An engine is called reversible if it satisfies two conditions: 


1. It can operate both as a heat engine and as a refrigeration engine. 
2. It has the same thermal exchange ratio p for both directions of 
operation between the same temperatures 7’; and 7’. 


The foregoing is the thermodynamical definition of a reversible engine. 
It is far more strict than the term reversible engine in common usage. The 
latter implies only Condition 1. If an engine satisfies Condition 1 but not 
Condition 2, it is irreversible in the thermodynamical sense. In this bool, 
we use the term reversible engine in its thermodynamical sense and refer to 
an engine which satisfies Condition 1 only as basically reversible, but not 
reversible. 

The concept that heat cannot be transferred from a cold body (at a lower 
lemperature) to a hot body (at a higher temperature) while leaving everything 
else unchanged leads to a very natural classification of reversible and ir- 
reversible engines. To see this, we shall use this concept as a postulate and 
prove three propositions from it: 


Proposition 1. The thermal exchange ratio for any refrigeration 
engine ts smaller than, or equal to, the thermal ex- 
change ratio for any heat engine which operates 
between the same temperatures T, and Ts. In 
other words: 


p” <p" (2-23) 


‘lo prove the preceding proposition, let us consider any refrigeration engine 
and any heat engine operating between the same temperatures 7, and 7’. 
We can connect the two engines as shown in Fig. 2-4 and make the heat 
engine run just long enough to supply the mechanical energy taken by the 
refrigeration engine: 

w" = Ww’ _ W (2-24) 
Thermal energy Q‘ is transferred from the refrigeration engine into Ry 


and thermal energy Q{ is transferred from 2, to the heat engine. Therefore, 
the net heat transferred into I, is 


Om 
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Thermal energy Q% is transferred from R, into the refrigeration engine 
and thermal energy Q3 is transferred from the heat engine into Re. There- 
fore, the net heat transferred from Rz is 


2— Qs 
Since W” = W’ = W, it follows that Q7 — Q%2 = Qi — Q:, and we may 
define a Q as 


Q=Q1- = 02 -— 0 (2-25) 
Tf p’’ > p’, we can prove a contradiction as follows: 

” , 
Q2  @ (2-26) 

1 Qi 
yet Se ee (2-27) 

q Qi 

eee (2-28) 

Qi Qi 


Therefore, Q7 > Qj and 
Q=QIi-Q>o — (2-29) 
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In other words, a positive quantity of heat Q is transferred from a low- 
temperature reservoir R to a higher-temperature reservoir Ry. The engines 
have not changed as discussed in Sec. 2-4. The mechanical energy storage 
system has not changed, since the same W is transferred into, and taken 
out of, it. The only change is the transfer of heat Q from the cold reservoir 
f to the hot reservoir R,. As this is in clear contradiction with our postu- 
late (a heat reservoir is a special case of a body with infinite thermal 
capacity), the assumption of p’” > p’ cannot be correct. On the other hand, 
if p’’ < p’, the same steps Eq. (2-26) to Eq. (2-29) lead to Q < 0. In other 
words, a positive quantity of heat —Q is transferred from R, to Ry. This 
is allowable by our postulate. Thus we have proved Proposition 1. 


Proposition 2. For any heat engine, refrigeration engine, and 
reversible engine operating between the same 
temperatures T, and Ts, the following inequalities 
are valid: 

pS psp’ (2-30) 
The proof of Eq. (2-30) is straightforward: We first operate the re- 
versible engine as a heat engine, and Proposition 1 gives 
p’ <p (2-31) 
We then operate the reversible engine as a refrigeration engine, and Proposi- 
lion 1 gives 
pSo’ (2-32) 
Combining Eq. (2-31) and Eq. (2-32) gives (2-30). 


Proposition 3. The thermal exchange ratio for all reversible 
engines operating between T, and Ty are exactly 
the same. The ratio is a function of T, and Ts only: 


p = p(Th, T2) (2-33) 


‘lo prove the foregoing assertion, let us consider any two reversible engines 
A and B with thermal exchange ratios pa and py. First, A is operated as a 
heat engine and B is operated as a refrigeration engine. Proposition 1 gives 


Po a Pa 
Now let A be operated as a refrigeration engine and B be operated as a 
hout engine: 
Pa s Pb 


‘Therefore, the only possible relation is 


Pa ™ pr (2-34) 


“Aa 
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All three propositions can be expressed in a one-dimensional graph as 
shown in Fig. 2-5. Values of p are plotted increasing to the right. For given 
operating temperatures, only one value on the graph corresponds to the 
reversible engine. All values to the left describe the refrigeration engine; 
all values to the right describe the heat engine. 

In conclusion there are two important deductions from the three 


propositions: 


(1) The thermal efficiency 7, and coefficient of performance C, of a revers- 
ible engine are upper limits of and C of engines operating between the 
same temperatures 7; and 7». This is easy to prove. From p < p’, it follows 


1—p2>1-/' 











Therefore, 
t=1—p2n (2-35) 
From p’’ < p, it follows 
1 
P= ates -1 
1—p I1- op 1 — p” 
Therefore, 
Cae (2-36) 


(2) Since the thermal exchange ratio for all reversible engines is the same, 
we can determine its value as well as 7, and C, by studying any special case 
of a reversible engine. The one we shall study is the Carnot engine as 


described in subsequent sections. 
2-6. THE CARNOT CYCLE 


The Carnot cycle is an idealized process which shows one way of converting 
heat into mechanical energy, and vice versa, Its operation can be explained 
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with reference to Fig. 2-6 (the Carnot heat engine). A cylinder is com- 
pletely heat-insulated except for two windows in the back and is filled 
with ideal gas originally at a high temperature 7; or rather below 7, b 
a negligible amount. The movable piston is linked to a mechanical shar 
which exerts a force on the piston just about in balance with the pressure 
inside at all times. The force varies as p varies. At the two windows, free 
thermal exchanges with the two heat reservoirs are possible when we re- 
move the lids Z, and Le, but the gas molecules cannot go through these 
windows. When replaced, the lids Z; and Le serve to heat-insulate the 
ideal gas completely from the heat reservoirs R, and Re respectively. We 
assume that the work required in removing and replacing the lids is ees 
gible, since they can be made to slide with negligible friction. 

The operation of the Carnot heat engine can be illustrated by the 
p-V diagram of Fig. 2-7. It represents the instantaneous pressure 





Vig. 2-7, Tim Cannor Cyenn, 
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versus volume curve during the life history of one cycle. There are the 
following four phases of operation: 


(1) Ly is removed and the gas expands at constant temperature T, from 
A to B. The work done by the gas on the mechanical system is 


dW = Fdx = podz = pdV (2-37) 





B BmRT, V: 
ee / iim J ihe Se ee (2-38) 
ree A 4 ae VG Va 


Here we use the subscript to indicate the operating point in Fig. 27 Sala 
is the volume at point B; pa is the pressure at point A; and Wa-8 is the 
work done by the gas in expanding from A to B, ete. Since temperature 
remains constant, U does not change, and Eq. (2-1) gives 


0 = AQ — AW 


AQ is the total heat or thermal energy conducted from reservoir R; to the 
ideal gas in the first phase of the operation, and it will be denoted as Qi. 
AW is the amount of work W4.2 done by the Carnot engine on the external 
system. Therefore, 


V 
Q; = Wa-z = mRT; log — (2-39) 
Va 


The expansion (or compression) of gas at constant temperature is 
called isothermal expansion (or compression) . 


(2) L, is replaced and the gas is completely thermal-insulated from its 
surroundings. The gas is allowed to continue its expansion adiabatically 
from B to C. During this phase of the operation, the work done by the 
gas is obtained from a loss of its internal energy. As dQ = 0, Eq. (2-1) 
ives 

: dU = —pdV (2-40) 
From Eq. (2-8), we have an expression for the work done by the gas during 
this phase: 


c c , 
Werk i sav = -f QU = _mCy(T: — T2) — (2-41) 
B B 
(3) Le is removed, and the gas is compressed by the mechanical system 
from C to D at a temperature higher than 72 by a negligible amount. The 


‘ * ate 
work done by the mechanical system on the Carnot engine 18 


D V, 
—Wow = -[ pdV «= mR, log - (2-42) 
0 Vo 
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As the temperature does not change, AU = 0. The thermal energy con- 
ducted to the heat reservoir Rez is 


V 
Q: = —Wesv = mRT; log ae (2-43) 
Vo 


(4) Le is replaced, and the gas is again under complete thermal isolation. 
The gas is compressed by the mechanical system from D to A. As AQ = 0, 
the work done by the external system to compress the gas is equal to its 
increase in internal energy 


—Wo-a = Ua = Up = mCy( Ty a T2) 
Now we make a resume of the complete cycle: 


1. The gas is returned to its original state and there is no change in 
the gas or Carnot engine. 

2. The thermal energy in reservoir R, is reduced by an amount Q,. 

3. The thermal energy in reservoir Re is increased by an amount Qo. 

4. The net total work done by the Carnot engine on the mechanical 
system is 


Wasa + Wesc + Worn + Wo.4 = Qi — Q 


At least theoretically, this work could be stored in a mechanical system 
as increased kinetic energy, if additional elements were connected to the 
piston. 


Since the changes from B to C and from D to A are both adiabatic, 
we have, from Eq. (2-13), 


THODV_p = TYO-DVg 


TUG-DY, =! Vary 
Consequently, 


V. Vi 
— =< (2-44) 
Va Vo 
iquations (2-39), (2-48), and (2-44) give 
T 
fel (2-45) 
Oa 7 


The Carnot cycle as just described can be operated in reverse as follows: 


1, Adiabatic expansion from A to D 
2. Isothermal expansion from D to C 
8. Adiabatic compression from C to B 
4. Isothermal compression from B to A 
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Obviously the net effects are precisely the opposite in sign to that of 
the direct Carnot cycle, namely: 


1. The gas is returned to its original state and there is no change in 
the Carnot engine. 

2. The thermal energy in reservoir FR; is increased by an amount Q:. 

3. The thermal energy in reservoir R, is decreased by an amount 

Q: = Q:T2/T1. 
4. The net total work done by the mechanical system is Qi — Q: = 
Qi(1 — T2/T1). 

The reversed Carnot cycle is a refrigeration process. Heat Qs is taken 
away from a reservoir at temperature 7’, and transferred to a reservoir at 
higher temperature 7. In order to accomplish this, mechanical work of 
the amount Q: — Q2 has to be applied to the system, increasing the total 
heat transferred to the reservoir at the higher temperature 7; to Qu. 

In summary, we have deduced the following: 


There exists a reversible process (Carnot cycle) which converts 
thermal energy Qi at temperature T, partly into mechanical work 
W = Q.(1 — T2/T)), and partly into thermal energy Qe = QiT2/Ti 
at a lower temperature T2; and vice versa. 


From the foregoing statement and from Proposition 3 of Sec. 2-5, the 
thermal exchange ratio of reversible engines is found to be 


T. 

e(Ti, T2) = 7, 

Equations (2-35), (2-36), and (2-46) can be used to set upper limits for 
thermal efficiency and coefficient of performance for any engine. 


(2-46) 


Example 2-4: A steam turbine has an entering steam temperature of 800°C 
and a condensing temperature of 70°C. What is its maximum possible 
thermal efficiency? 

Sotution: Equation (2-35) expresses that the upper limit to thermal 
efficiency is the Carnot efficiency 


T2 . 70 + 273 
1 Sy = SS SS ra ee 
Ty 800 + 273 


Example 2-5: An air-conditioner has the following temperature data: 
Outdoor temperature = 40°C 
Indoor temperature = 20°C 
Condensing coil temperature = 57°C 


Evaporating coil temperature © 7°C 
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What is the maximum possible coefficient of performance for the present 
machine? For any machine under the same indoor-outdoor temperature 
condition? 


SoLutTion: Equation (2-36) gives 


PP oe es <a 
T,— T. 


lor a refrigeration machine, Q% is absorbed at the evaporation coil tempera- 
: Cea tae 

ture and Q7 is dissipated at the condensing coil temperature. For the 

present machine, 7; = 57°C and T, = 7°C. 


7 + 273 
eae a 


~ 57-7 


l’or any machine, if cost is not a consideration, there is no reason why the 
evaporating coil temperature should be much below 20°C, and condensing 
coil temperature much above 40°C. The best possible C is obtained with 
1, = 40°C, and T, = 20°C. Therefore, 


20 + 273 


= = 14.6 
40 — 20 


2-7. ENTROPY, PROOF OF THE SECOND LAW 


With the help of Eq. (2-46), Proposition 2, Sec. 2-5 can be written as 
pea 


Qi oT Qi 
‘Therefore, we have for a heat engine 
Q: _ Qt 
eee SosieS we 
ars (2-47) 
und for a refrigeration engine 
a si 
7. = 7, (2-48) 


Nquations (2-47) and (2-48) can be written in a more general form: So 
far, we have used the capital letter Q of various forms to represent positive 
amounts of heat transferred in various cases, Now we use the lower-case 
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letter q; to be both positive and negative. A negative g; means that heat 
qi is taken from R;. Equation (2-47) can be written as 





moh 
T 2 Ty 
Equation (2-48) can be written as 


In both cases, we can write 


ap np (2-49) 


Sometimes, a heat engine may operate in conjunction with more than 
two heat reservoirs. We can construct a plural number of Carnot cycles to 
operate in reverse between these reservoirs so that the net work, as well 
as the total heat transfer for each reservoir, vanishes except for A, and Re. 
The same arguments lead to 


D2 0 (2-50) 
Fa i 
Here the summation over 7 is to include all heat reservoirs. 
We define entropy: 


A quantity associated with a system which increases by an amount 
q/T whenever thermal energy q ts transferred to the system or part 
thereof, and T is the temperature of the part of the system to which 
heat is transferred and at the time of heat transfer: 


qi 
= > — (2-51) 
AS - 7, 


A physical system is closed if there is no transfer of energy of whatever 
form between any component of the system and the external world. The 
heat engine, its load, and the reservoirs constitute such a system. Equa- 
tions (2-50) and (2-51) give 


AS => 0 (2-52) 


for a closed physical system. The relation is quite general, as we have 
assumed nothing about the heat engine except that energy is conserved. 
The second law of thermodynamics can be stated as: 


- The entropy of a closed physical system never decreases, 
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A corollary to the second law is 
For a reversible process the total entropy is not changed. 


‘This is easy to prove. For a reversible process, 


SMES 


a thy 
-r=>0 
ti a4 
‘Therefore, 
eS 
cy T; 


The foregoing presentation gives the definition of entropy and the 
second law in essence. Although it is a simple concept, it is by no means 
vasy to grasp and apply. We shall discuss a few crucial points in detail in 
the subsequent section. 

One noteworthy point about the second law is that it imposes a condi- 
lion on the thermal energies transferred to, and from, the various reservoirs. 
Nothing is said about the work done by the engine or on the engine. Owing 
lo conservation of energy, however, the condition on thermal exchange 
wutomatically sets a limit on the mechanical energy produced or expended. 

Another way of stating the preceding point is that there is no entropy 
iwsociated with mechanical energy itself. Only when such energy is dis- 
“ipated into heat is entropy generated. 


2-6. FURTHER REMARKS ON REVERSIBLE PROCESS AND ENTROPY 


‘To begin with, we shall look at the word “reversible” more closely. The 
vonduction of heat from A to B is reversible if A and B are of the same 
lomperature. Obviously, if A and B are of exactly the same temperature, 
io conduction of heat from A to B can occur. But as long as A is slightly 
hotter, say, by one-millionth of a degree, and given sufficient time, any 
linite amount of heat can be conducted from A to B. 

Another example is the expansion or compression of a gas. To simplify 
matters, let it be assumed that the piston of Fig. 2-1 is frictionless and 
inertialess, The expansion or compression is reversible if F = pA. If the 
ui is to follow the movement of the piston, however, it must have an 
average drift velocity in the direction of movement of the piston, A slight 
unbalance between / and pA is necessary to give an average acceleration 
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to the gas molecules so that the required drift can be developed, but any 
appreciable unbalance would cause the process to be irreversible. To illus- 
trate the point, let us take an extreme case In which the piston is suddenly 
drawn back a certain distance so fast that a vacuum Is temporarily created 
in the space left behind. As there is no force opposing the movement of the 
molecules, an appreciable average velocity will be developed on the mole- 
cules, These molecules collide eventually with the piston which, by then, 
has stopped; they are bounced back and then collide with one another 
until the molecular movements become completely random again. The 
process cannot be reversed, since it will now take external work to force 
the molecules back to their original volume and no work has been delivered 
during the sudden expansion process. 

In summary, we may describe a reversible process as a hypothetical 
process in which complete balance (in temperature, pressure, etc.,) is 
required at every stage. 

Now we shall bring our concept of entropy into sharper focus. In Sec. 
2-7, we have defined the increase in entropy of a system as 


qi 
AS = 2 = 


This is satisfactory as long as we know all the exchanges of heat that have 


taken place. Our knowledge, however, is usually incomplete. Typical cases 
of what we may know are 


1. All the transfers of heat of the system with the external world but not the 
internal processes 


Would it still be true to say: 
fe 


AS = is ) 
external 


i Ty 


Obviously, the foregoing equation is not necessarily true. It is quite possible 
that there is an internal exchange of energy which does not involve any 
external element. Then 


i hee i’ external 


Since the second law requires that 


(SZ) 20 
‘ T's internal ; 
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lquation (2-53) becomes 


AS > (x =) (2-54) 
7 18 external 


2. The initial and final states of the system but nothing about the process that 
has taken place 


In this case, we may choose any reversible process which brings the 
system from the initial to the final state and calculate the increase in 
entropy as 


(2-55) 


qi 

ag (= ne process 
‘The result is independent of the selection of the reversible process. To see 
(his, suppose that there are two reversible processes which bring the system 
\ from the initial state to the final state. If (AS)4 > (AS) x, a contradic- 
lion to the second law can be shown as follows: Let the system X be oper- 
uted from the-initial to the final state through process A, and then from 
\he final state to the initial state through process B. Consider the overall 
system which includes the system X and its surroundings Y. The system 
Y is unchanged as it is brought back to the initial state. The only change 
in the over-all system is in Y. As a transfer of heat to the system X is the 
sume as a transfer of heat away from Y, one has, for the total change of 
entropy: 


AS = —(AS)a + (AS)z < 0 


which contradicts the second law, since the over-all system of X plus Y is 
obviously closed. 

A similar contradiction can be shown if (AS)4 < (AS)z. Therefore, 
liq. (2-55) is independent of the process selected. 


lxample 2-6: Referring to Fig. 2-1, the piston and walls are assumed to 
tw thermally insulated, and there is 0.1 kg of helium in the cylinder at a 
lemperature of 25°C. By moving the piston upwards, the helium gas is 
expanded from an initial volume of 0.02 m* to a final volume of 0.05 mi, 
letermine the final temperature and change of entropy of the gas under 
the following two circumstances: 


(1) The piston moves slowly and the difference between F' and pA is 

negligibly small. 

(b) The piston moves suddenly and a vacuum is temporarily created 
in its wake, 


The ratio C,/Cy for helium is 5/3. 


38 BASIC SCIENCE OF ENERGY CONVERSION SEC. 2-8 


Sotvution: For case (a), since the gas is always in equilibrium, there is no 
internal exchange of energy. Furthermore, as the piston and walls are 
thermally insulated, there is no exchange of heat between the gas and 
external objects. Therefore, 

AS =0 


As the expansion is adiabatic, Eq. (2-13) gives 
V\\" 0.02\2/8 
7(—) = 298.1(——) 
V2 0.05 
298: 12 0ib43.— 162°K = —111°C 


T2 


I 


For case (b), since there is no work done on the piston by the gas and there 
is no heat exchange with outside, the internal energy of the gas remains 
unchanged. Consequently, the temperature remains unchanged. 

As the kinetic energy of the gas molecules during the initial rush is 
converted into heat, there is an increase in entropy. The increase AS can 
be calculated by Eq. (2-55), using the reversible process of isothermal ex- 
pansion. Since dU = 0, dQ = pdV, and 


dQ *2paVv vedV 
f= [2 = anf 
Ye V1 iT V1 V 


Piva x 8310 X In 
n— = — — 
otoak eae ” 0.02 


191 joules/°K 


I 


AS 


Example 2-7: An air-conditioner has the following data under steady 
state operation: 


Outdoor temperature: 40°C 

Indoor temperature: 20°C 

Cooling capacity = 270,000 joules/minute 

Input power: 1000 watts 
Determine the total change in entropy per minute. 


So.urion: Since there is no change in the air-conditioner itself, its entropy 
remains unchanged. The heat dissipated outdoors is 


270,000 joules + 60,000 joules = 330,000 joules 


330,000 270,000 
= ——  — ——_ & 1053 — 920 = 133 joules/°K 
273.1 +40 273.1 + 20. 
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2-9. PROOF OF THE CONVERSE 


Proof of Statement 2(a) from the second law is easily done by showing a 
contradiction. If a positive quantity of heat Q is transferred from a body 
it lower temperature 7’: to a body of higher temperature 7), the change in 
entropy is 


‘This is in contradiction to the second law. 


2-10. EXTENSION TO THERMOELECTRIC ENGINES 


One point of paramount interest to electrical engineers is whether the 
second law applies to engines which generate electric energy or work from 
(hermal energy or vice versa? 

‘To answer the point, we note that, at least theoretically, lossless conver- 
sion between electrical and mechanical energies is possible. The free ex- 
‘hange between electrical and mechanical energies is implicitly assumed 
in the definition of electrical potential. It can also be verified from the 
!’ = Bli and e = Blv equations. Canceling Bl from these equations gives 
/'v = et, which equates electrical power to mechanical power. We know 
ilso from experience that the limit of efficiency of an electric generator or 
motor is 100%, which is sometimes approached quite closely. An electric 
generator is not only basically reversible, but actually approaches being 
reversible in the limit of very large sizes. 

As the generated or consumed electrical energy can be converted 
(hooretically to, or from, an equal amount of mechanical energy, the second 
law must apply to both or neither. Therefore it applies to thermoelectric 
Ongines. Stated another way, electrical energy also has zero entropy. 

‘Thus we see there are two kinds of energies in nature. The thermal 
energy Q at temperature 7 is chained by an entropy Q/7 and kept from 
(loing work freely. Electrical and mechanical energies are free to do work 
ar convert into each other or can themselves become chained by dissipating 
into thermal energy. But the latter change is not reversible. These points 
vonlirm the classification of energy into orderly and disorderly types as 
iliscussed in See, 2-3. 


#11, ANALYSIS OF BASICALLY REVERSIBLE MACHINES 


In its strict definition, a reversible machine operating in reverse com- 
pletely reverses the energy conversion processes, No actual machine 
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Fig. 2-8. Brock D1aAGRAM REPRESENTATION OF A BASICALLY 
REVERSIBLE MACHINE. 


meets this description. For instance, an electric generator can be operated 
as an electric motor, but the generator losses which are converted into heat 
do not become motor gains and cause the machine to absorb heat from 
its surroundings. 

A large number of machines are basically reversible, however, and can 
be represented by the energy conversion diagram of Fig. 2-8. The machine 
operation is separated into a reversible conversion process and an irreversi- 
ble entropy rise process in each energy stage. The most common among the 
latter processes are listed below: 


TaBLeE 2-1: Enrropy Rise Processes 
Electrical ?R loss, iron loss 


Mechanical Friction and windage loss 


Thermal Direct heat transfer from a hot substance to a cold substance 
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The advantage of separating out the entropy-rise processes is that the 
corollary of the second law can now be applied to the reversible conversion 
block. We have an equality sign to work with rather than an inequality 
sign, and quantitative results are obtained for this block. The entropy-rise 
processes are then calculated and used to modify the two sides of the 
reversible block. 


In the special case of electromechanical energy conversion, the require- 
ment of AS = 0 means that the totality of mechanical energy is converted 
into electrical energy and vice versa. Any loss into thermal energy would 
cause an entropy rise and is not possible in the reversible block. 


PART B. FROM DUALITY OF MATTER TO SEMICONDUCTOR THEORY 


An important phase of the recent progress in energy conversion is the de- 
velopment of new methods and new materials with suitable properties. 
Actually, the methods are not new, but with the old materials they were 
(oo inefficient to be of any practical value. 

The development of new materials in this area was by no means a 
result, of organized research and hard and persistent work alone. It was 
inspired by scientific thinking of the highest order, and in fact could not 
live happened without the development of quantum mechanics in the 
\\)20’s and the subsequent development of solid state physics and especially 
semiconductor theory. The subsequent sections give a brief summary of 
\he basic concepts and key steps pacing this development. The emphasis 
is on the underlying logic or physical reasoning. The treatment is not meant 
(0 be an all-inclusive summary of the scientific facts used in the energy- 
eonversion area, but to provide a framework upon which most of the rele- 
vant scientific facts can be attached. 


2-12, THE DUALITY OF MATTER 


l'rom our daily experience, we have acquired distinctive notions of what is 
particle, and what is a wave. The characteristic attribute of a particle 
is its disereteness, A particle has definite mass, momentum, and energy. 
‘The characteristic attribute of a wave motion is its possession of a phase 
angle. Several wave motions energized by coherent sources add vectorially 
it each point in space and produce what is known as a diffraction pattern, 
‘The two attributes are not mutually exclusive from a purely logical stand- 
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point. Since our observation is limited to the macroscopic world (objects 
of ordinary sizes), in which an object is either a wave or a particle but not 
both, it is rather natural for us to assume that this distinction extends 
down to the microscopic world (objects of atomic size or smaller). Since 
the turn of the century, indirect and direct experimental evidence indicates 
that the extension of this distinction down to objects of atomic size is not 
in accord with physical reality. 

In order to explain quantitatively the spectral distribution of black 
body radiation, Planck postulated that the energy of electromagnetic waves 
must be integer multiples of hy, where h is a universal constant which now 
bears his name and » is the frequency of the electromagnetic wave. Planck’s 
bold assumption was the first indication of the discrete nature of electro- 
magnetic waves. A few years later, observing the existence of a threshold 
wavelength in photoelectric effect, Einstein went one step further to postu- 
late that an electromagnetic wave is actually made up of discrete photons 
of energy hv. A third piece of experimental evidence which firmly established 
the particle nature of electromagnetic radiation is the Compton effect. 
From the momentum and angle of the recoil electron, and the change of 
wavelength between the incident and scattered X-ray beams, Compton 
gave a convincing verification that the momentum of a photon is h/A, 
where A is the wavelength c/v of the X-ray. To complete the picture, Davis- 
son and Germer’s experiment on the diffraction of an electron beam by a 
crystal clearly demonstrated the wave aspect of an electron. The conclu- 
sion drawn from these experiments is that a physical object of atomic size 
has attributes characteristic of both a particle and a wave motion. Its 
two-sided nature is exhibited by 


E =h (2-56) 
p = h/r (2-57) 
where E and p are its energy and momentum respectively, » and } are its 


frequency and wavelength, and h is the Planck constant 6.625 X 107 
joule-sec. ‘ 


2-13. HEISENBERG’S UNCERTAINTY PRINCIPLE 


Accepting the duality of matter, Heisenberg made an observation which 
is of profound influence for the later development of science as well as 
philosophical thinking. Newtonian mechanics is based on the assumption 
that at any instant of time, the position and momentum of a particle (or 
a system of particles) can be ascertained to any degree of accuracy as 
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desired. This set of values at the initial instant constitutes the initial con- 
dition. Once the initial condition is established, the subsequent motion of 
the system is completely determined by the laws of mechanics. 


Heisenberg pointed out the incompatibility of this assumption with 
(the duality of matter: 


(1) In order to observe the position of a particle, it is necessary to have 
ut least one photon incident on the particle and be deflected by it. Since 
(he photon has finite momentum, the momentum of the particle is dis- 
urbed or changed by the position determination. The change in momentum 
's not exactly known and is proportional to the momentum of the photon. 
In order to determine the position x more accurately, the wavelength of 
\he photon must be shorter. As p = h/x, however, the shorter the photon 
wavelength, the larger the uncertainty in the momentum of the particle 
rom this line of reasoning, Heisenberg showed that the minimum ono 
(uinties Az and Ap satisfy 


h 
Az Ap > - me 
pes (2-58) 


Nquation (2-58) means that position and momentum cannot be exactly 
(letermined simultaneously. Following similar reasoning, it was also shown 


h 
AE Ai > - — 
25 (2-59) 


Where # is the energy of a photon and t is the time of its emission. 


(2) As the uncertainties cited are not owing to any defect of the experi- 
ments, but to the basic duality of matter, they cast doubt on the very 
¢xistence of an initial condition of exactly defined position and momentum 
ind with it on the entire Newtonian theory. 


Besides casting doubt on the very foundation of Newtonian mechanics 
the uncertainty principle also serves a constructive purpose: The motion 
i! « particle or a system must be described probablistically rather than 
(letorministically. Instead of using x(t),* which gives the exact position at 
uch instant of time, a probability density function p(x, t) is used; p(x t) 
in defined to mean that the probability of finding the particle in eareees 
tloment dr about x is p(x, ¢) dr. In this paragraph, as well as throughout 
the book, bold-faced letters are used to represent vectors. Thus, x represents 
the position vector (a, y, 2). ; 





— a SSS see? 


* Bold face symbols represent vectors, ° 
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The use of p(x, t) to describe the motion of a particle can be readily 
modified to describe its wave nature also. As p(x, ¢) cannot be negative, it 
reminds one of the energy density function which is proportional to the 
square of the wave amplitude. The analogy suggests a complex wave fune- 
tion y(x, ¢) which is related to p(x, ¢) by 


p(X, t) s | ¥(x, t) ? (2-60) 


As W(x, t) has both an amplitude and a phase (its angle in the complex 
plane), it presents a way of representing both the particle and wave aspects 
of matter in a simple coherent mathematical scheme. 


2-14. SCHROEDINGER’S WAVE EQUATION 


Mathematically speaking, classical mechanics is no more than a systematic 
method of finding the differential equation for x(¢) and then its solution. 
Similarly, quantum mechanics is no more than a systematic method for 
finding the partial differential equation for ¥(x, ¢) and then its solution. 
Schroedinger solved the first part of the problem as follows: Consider a 
plane wave in the x direction with frequency » and wavelength . Its 
wave function is 

W = Yooitrwo (2-61) 
where k = 2n/), w = 2av, dis ~/—1, and Wis a constant. From Eq. (2-61), 
Dats eg ae (2-62) 

= 4 = = 

Ox h X h 


Equation (2-62) suggests that we can write the momentum variable p as 
a differential operator 


p=-—3— (2-63) 


(2-64) 


Although Equation (2-63) and Eq. (2-64) are derived from a plane 
wave function, they are in such general forms that their application may 
not be limited to plane wave funetions. Schroedinger made his brilliant 
contribution by applying these equations to the general case, In Newtonian 
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mechanics, the total energy E can be written as 
E = V(z, t) : 
= £ — 
Ne) eos sat (2-65) 


where V(z, é) is the potential ener : i ineti 
; gy and p?/2m is th 
operator form, Eq. (2-65) becomes is oe 





th 9 1 A 
-— = V(2, 2) +5(-=>.=) 
2 Ot 2m Q2r Ox 
Schroedinger’s wave equation is obtain i 
: ed by letting th i 
equation operate on y: ng the foregoing operator 


th op 2 2 
eae reyes 
7 ot 8x’m ax? 





(2-66) 


lor the three-dimensional case, it i ; 
placed by » It 1s easy to show that Eq. (2-63) is re- 


1 th @ 
, 2r On 
uae al 
: 27 oy — 
ry th 
y 2r dz 
und Eq. (2-66) is replaced by 
th Oy We (Pp dp day 
Pay sag V(x, t) — (= — + — (2-68) 
aw Ot 8r*m?\dx? — dy? Oz? 


pe (2-66) and (2-68) are known as Schroedinger’s wave equations 
1) addition to Eq. (2-68), y is required to satisfy two other conditions: 


(1) Since the second partial derivatives must exist so that Eq. (2-68) can 


| n! meaningful t he fir st par tial i i i 
J derivatives of y m st XI b O 
- i | > u e st and e continu us 


(bh) By its definition of being the babili i i 
ee eing probability density function, p(x, €) 


[ ox t) dr = 1 
0 


Where 2 represents the entire accessible space, Irom Iq. (2-60), the fore- 
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going can be rewritten as 
[ \vqorar=1 (2-69) 
Q 


These two conditions, together with Eq. (2-68), determine Y completely. 

Once y is solved in terms of 2, y, 2, and é, the probability density func- 
tion p(z, t) can be calculated from Eq. (2-60). 

The place of Schroedinger’s wave equation in quantum mechanics is 
approximately equivalent to that of Newton’s second law in classical 
mechanics. Because of our unfamilarity with atomic phenomena, however, 
the greatest value of Schroedinger’s equation is less in giving a solution to 
a relatively simple dynamical problem than in indicating a nature of the 
solution for more complex systems, as we shall see presently. 


2-15. DISCRETE ENERGY STATES 


Schroedinger’s equation has a result of far-reaching consequence: the 
existence of allowed states with selected values of energy. In classical 
mechanics, a particle in a potential field V (x) may have energy of any value, 
but this is no longer true in quantum mechanics. 

In a potential field V(x), the total energy E of a particle is a constant. 
Solving the operator equation (2-64) operating on y, we obtain 


o(x, t) = u(x)e rine (2-70) 


where u(x) is a complex-valued function of x. Substitution of Eq. (2-70) 
into Eq. (2-68) and Eq. (2-69) gives 


hn? (du du du 

Eu = V(x)u — —(— <= —) (2-71) 
8r2m\dx? = dy? 02? 

/ | u(x) |?dr = 1 (2-72) 


In general, a solution u(x) exists only for specific values of HZ. These values 
are called eigenvalues and the corresponding solutions u(x) are called 
eigenfunctions. An example is given to illustrate this point. 


Example 2-8: In a one-dimensional problem, the potential V(x) is given 


as 
|\a| <a 


la|>a 


Via) =0 
V (a) -= Vy 
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De ter mine the values of Ef rr 4 
or W hich non tr 1V1. If S¢ 1 U tic ns of Schr oedin er 


Sotution: There are three ran 
‘ ges of values of E: (a) 0 < E < V. 
Nv > Vi, and (ce) E < 0. We shall study these three cases in turn. 
(a) OR Fey, 
Equation (2-71) can be written as 
au 82m? 


ae ie 





[LE — V(z)ju=0 (2-73) 


Wor | «| < a, the solution is 


ll 


u Cre** + Crete 


Vora < —a, 


I 


U Cre + Cree (2-74) 


und for z > a, 


a =n sec" + Cree” 


Where and k are real positive constants given by the following equation 


Din pea | ie 
oS V2m(Vi — EB) 


2r 
pa 
: V2mE (2-75) 


and Ci, Ca, ..., Cs are constants t i i 
So eee o be determined. With only one dimen- 


i, | u(x) 2de = 1 (2-76) 


To satisfy Eq. (2-76), the integr. 
: ; and - i u 
Must not diverge at +. It bile aoe jeanbovaee 3; 


G=C;=0 
I order that uw and du/dz be continuous at x = ka, we have 
e~*aC, + eC, — e-=C; = 0 
tke-*°C, — iket*Cy — ae-™@C;, = 0 
eC, + e~aC, — o-20C, = 0 (2-77) 


tkeC a the tha Cl, -f- ac aa, om 0 
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The foregoing simultaneous equations can be satisfied by nen-vauleieey 
values of Cy, Co, C3, and C; only if the characteristic determinant vanishes: 


e-ika etka —e7ae 0 
eee: *1,5ika —pe7aa 0) 
tke-*4 = —tke ae 
= 0 
e ika ‘en ika 0 =—¢ertt 
ike  —ike- 0 fot aa 


Multiplying the first row by — a and third row by a and adding the resulting 
rows to the second and fourth rows respectively give 


e—tka etka —e7ae 0 
(ik — a)e~** (—ik — a)ei* 0 0 ; 
e ika ei tka 0 —e7oa 
(ik + ae (—ik + a)e“™ 0 0 
Expanding the preceding expression gives 
(ak + ox) ea — (@ — ik)%e ie = 0 (2-78) 
Equation (2-78) can be written as 
ott acm (2-79 





a — tk 
Equating the angle on the two sides of Eq. (2-79) gives 


ate iee (2-80 


a 


where n is an integer. Equation (2-75) can be written in a more convenlem 
form. Let an angle @ be defined by 


qv 
E=Visin?@, '0<9<>5 (2-81 


Equations (2-75) can be written as 
ka = z sin 0 
aa = z2cos 0 


where 


2 
= i 2mVi. 
A 
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[quation (2-80) becomes 


nr 


i Fie z sin 6 (2-82) 
Let N be the smallest integer satisfying Nx/2 > z. There is a unique 
solution of 6 for each value of n = 1, 2, ..., N. Correspondingly, Eq. 
(2-81) gives N values of FL. 
(bt) H>V; 


There is no solution, as the integral of Eq. (2-72) is infinite unless 
u = 0. 


(c) HE <0 
The solution for |z| < a becomes 


u(x) = Cre + CyeB= 


where 8 is a real number. The reader can verify readily that the character- 
istic determinant never vanishes. Consequently there is no nontrivial 
solution. 


In classical mechanics, the kinetic energy is never negative. As V(x) 
is non-negative for the present problem, the total energy HZ cannot be 
hegative. This conclusion checks with case (c). On the other hand, if the 
lolal energy of the particle is greater than Vj, it would certainly escape 
from the potential well. There cannot be a steady state solution which gives 
the particle a finite probability of staying inside the potential well. Thus, 
(he conclusions of classical mechanics and quantum mechanics are the same 
tilso for case (b). The main difference is in case (a). In classical mechanics, 
the energy E of a particle staying inside the potential well can be any where 
from 0 to Vy. In quantum mechanics, only a few values of E are possible. 
‘These are the eigenvalues of £ as obtained in Ex. 2-8. Although we have 
vited only a specific example here, this vital difference is nevertheless 
general enough. In the theory of differential equations, it is well established 
that non-trivial solutions of Eq. (2-71) and Eq. (2-72) exist only for 
eigenvalues of 2. 

lor each eigenvalue of E, there is a solution u(x). These solutions are 
oulled eigenfunctions. The possible existence of a particle so described is 
wulled an allowed state, or simply a state of the system. 


2-16, SYSTEMS WITH MANY PARTICLES, BOSONS AND FERMIONS 


lor a system with many closely coupled particles, it is indeed difficult to 
find a mathematical solution, There is a definite value of energy for the 
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entire system, but the energy of any one particle becomes meaningless. 
Fortunately, except for the notable example of interactions between 
nucleons inside a nucleus, the coupling between particles is usually sufh- 
ciently loose for the following approximation to hold: 


Each particle can be regarded as moving alone in a fixed potential field 
V (x), and only the average total effect of the other particles is taken into 
consideration as a modification of V(x). Outstanding examples of this 
type of approximation are 


1. Hartree’s approximate model of an atom 

In solving for the wave function of each electron, the effects of the other 
electrons and the nucleus are lumped together and represented by a central 
field V(x) = V(r) where r is the scalar distance from the nucleus. 


2. Model for a crystal 

The atomic nuclei and interior orbital electrons are represented as a 
periodic potential of three dimensions in which the valence electrons move. 
In writing the wave equation for each electron, the other electrons are 
considered uniformly distributed throughout the lattice structure. Thus, 
the potential V (x) is that produced by a positively charged lattice immersed 
in a negatively charged background. The over-all charge density is zero. 

As the wave equation for each electron is the same, the eigenvalues of 
E and allowed states for each electron are also the same. The state of the 
entire system of particles is specified by the number of particles in each 
state. 

Both theoretical considerations and experimental evidence show that 
there are two types of particles in nature: Bosons and Fermions. There can 
be any number of Bosons in the same state, but there can be no more than 
one Fermion to each state. Among the well-known elementary particles, 
only the photons are Bosons. Electrons, protons, and neutrons are all 
Fermions. 


2-17. DISTRIBUTION OF PARTICLES IN THE ALLOWED STATES 


From rather general considerations, Maxwell and Boltzmann derived a 
very useful law of distribution. Consider a subsystem which may be in 
any one of several states n,n = 1,2... . Its energy in state n is Z,, and 
it is in constant contact with an infinitely larger system at temperature 7’, 
The probability that the subsystem has energy 1’, was shown to be 


pin) = Kertolit ~ (2-83) 
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where k = 1.3804 X 10~* joule/deg, and is known as the Boltzmann con- 
stant and K is a proportionality constant. 


The constant K can be easily evaluated. Since the subsystem must be 
in one or the other of the states 


D p(n) = YS Keer = 1 (2-84) 


The constant K is evaluated from Eq. (2-84) and the result is then sub- 
stituted into Eq. (2-83) to give 
e—EnlkT 


p(n) = emt (2-85) 


Using the foregoing formula, an expression for the average number of 
particles in each state will now be derived. Let the eigenvalue of energy 
of the 7th state be denoted #;. We note that if an arbitrary constant C is 
added to V(x) of Eq. (2-71), the physical problem is not changed but all 
the Hs, t = 1, 2, 3, are increased by C. Thus only the relative values of 
the H's are meaningful. Let the ith state itself be considered a subsystem 
"he condition or the “‘state’’ of the subsystem is then the number of pia. 
ticles in it. The energy per particle is E; — Eo, where Ey is some reference 
level of energy and is the same for all values of 7. The energy of the sub- 
system with n particles in it is 


En = n(E; — Ep) (2-86) 


Substituting Eq. (2-86) into Eq. (2-85) gives the probability of having 
n particles in state z 


e—n(£i—Eo) /kT 


p(n) = oars ae (2-87) 
The average number of particles in state 7 is 
DY ne-ni-B0) kr 
“aoe » Oat ae ke ae 
> mein) DY er @i-20 ner (2-88) 


n 


lor Fermions, n = 0, 1, and Eq. (2-88) gives 


NG ooss!''"(.Q.Q..\Q\Q\Q\Q\""“"— 
l + e7 (LiKE) (kT 


e—(Bi-E0) /kT 


= - -- 
ele) /kT | 1 
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The number n; is always less than unity and is known as the Fermi factor 
f( Ei): 
EB) = ni : 2 
F( i) Sn = e(Bi—Ba) [kT + 1 ( —89) 
The reference energy level Ep is called the Fermi level. Its value is deter- 
mined by the condition that the total number of particles is a fixed or 
known number N: 


1 
Lie) = D op Ce 


eBi-EdRT 4 


where the summation is taken over all the states 7 of the system. 

On the surface, the reasoning for Eq. (2-90) may appear to be no more 
than “fudging” for the right answer. There is, however, a very plausible 
explanation. The only type of particles for which Eq. (2-89) has extensive 
application are the electrons. If Ho is initially too high and there are too 
many electrons, the potential energy V(x) of Eq. (2-71) is raised owing 
to the electrostatic interaction and consequently all the E,’s are raised 
relative to the reference level Ey. The same mathematical relation would 
result if we lower Ey instead of changing the E,’s. With increased EH; — Eo, 
the total number of electrons N as calculated from Eq. (2-89) is reduced, 
and the process arrives at a natural balance between EK, and N. 

Equation (2-89) shows that there is a natural tendency for Fermions 
to stay at low energy. At absolute zero temperature, only the states with 
lowest energy are occupied. The demarcation line between occupied and 
unoccupied states becomes blurred as the temperature is increased and 
more and more states of higher energy are occupied. 

A plot of the Fermi factor is given in Fig. 2-9. It is noted that at room 
temperature (300°K) f(Z) = 1 for H < Hy — 0.1 ev and f(Z) = 0 for 
E> E+ 0.1 ev. 


For Bosons, n = 0, 1, 2 ... and is unlimited in its possible values. Let \ 
denote e~4'-£/kT, Equation (2-88) can be written as 


> nd 
Se 


Ni 


(2-91) 


We assume that the relative energy of each particle is always positive 


Ly - Ky > 0 7 (2-92) 
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F(E) 





Fig. 2-9. Fermi Factor f(Z) versus £. 


Inequality (2-92) will be justified later. F i — 
follows that \ < 1 and ed ie aisle 


Ny ee_ovovXvavmXam—X—X—na;: = 3———-_ = OOOO 
W/(l1—r») 1—-d_— els-zonr _ |] ee! 


Equations (2-89) and (2-93) are very similar to each other except for 
(he sign on the denominator. 
Equation (2-93) has so far been applied only to systems with FE; — 
No = hy where v is either the frequency of the photon or the frequency of 
the harmonic oscillator. Thus expression (2-92) is valid in both cases. 


2-18. THE ALLOWED STATES FOR SOLIDS, ENERGY BANDS 


The mathematical model for an atom is that of a number of electrons 
moving in a potential well V(x). The atomic nucleus does not enter into 
(the problem except that it gives rise to the potential well V(x). Similar 
to Idx, 2-8, the allowed energy levels are discrete, as shown in Fig, 2-10(a). 
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Fig. 2-10. Spuir or Eneray Levers Wen AroMs ARE 
Broveut ToGeTHEerR: (a) Discrete ENERGY LEVELS OF A 
Sinete Atom; (b) Enercy Levets versus 1/d, WHERE d Is 
THE DISTANCE BETWEEN Two Atoms; (ec) OrIGINALLY DE- 
GENERATE Enpercy Lrevets versus 1/d; (d) ENeray Banps 
oF Soups. 


When we bring two atoms closer and closer together, there is a greater 
and greater probability that the electrons in one atom may travel to the 
other atom and vice versa. It becomes meaningless to speak of the energy 
levels of one atom or the other; one must speak of the energy levels of the 
two atoms together. The situation is quite similar to that of coupling two 
resonant circuits of the same frequency. The resonant frequency is split 
into two for the coupled circuits as a whole, and the separation between 
the resonant frequencies is increased as the coupling becomes closer. 

Figure 2-10(b) illustrates variations of allowed energy levels with the 
reciprocal of the distance as two identical atoms are brought together. 
When the two atoms are infinitely apart (1/d = 0), the energy levels are 
identical with that of a single atom. As the distance d becomes smaller 
and smaller, each level splits into two, and the separation between the 
pairs of levels becomes larger and larger. The levels which are originally 
close together are now intermixed. 

What happens then when billions and billions of atoms are packed 
together as they are in any minute piece of solid large enough to be seen 
by the naked eye? The interatomic distances have definite values and do 
not change with the size of the material. As the interaction is between 
neighboring atoms, the energy of interaction per atom also has definite 
values. Consequently, the maximum separation. between all the energy 
levels which are originated from the same energy level is fixed and does 
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not increase with the size of the material. Thus billions and billions of 
energy levels are packed into a relatively small spacing. The situation is 
illustrated in Fig. 2-10(d). The allowed energy levels are crowded into a 
few bands with empty spaces between. The former are called allowed bands 
and the latter are called forbidden bands. 

The above gives a simple explanation of the energy-band structure in 
solids. A few details remain tobe clarified. 


1. Degenerate states. As discussed previously, each allowed state has a 
fixed value of energy. Sometimes two or more states with distinctly differ- 
ent wave functions have the same energy, or to put it in another way, there 
are n states on the same energy level. The latter is then called n-fold 
degenerate. 

Usually degenerate energy levels become non-degenerate when an ex- 
ternal disturbance is applied. Suppose a certain atomic energy level is 
threefold degenerate. When two such atoms are brought together, the 
energy level splits into six, as illustrated in Fig. 2-10(c). 


2. Shifts in energy levels. It sometimes happens that atomic energy levels 
Which are originally close together or are degenerate split into different 
wllowed bands when a solid is formed. This is always the case with covalence 
bands. For instance, there are eight states in the partially occupied shell 
of a silicon atom. Four of the eight go into one band (the valence band) 
und the other four go into an adjacent band (the conduction band) when 
silicon crystal is formed. 


3. Owing to the large number of allowed states in a solid, it is no longer 
possible to enumerate the energy levels. A feasible way of describing the 
energy levels is to give an expression for the number of states within a 
given energy range E + AE/2. For sufficiently small AZ, this number is 
proportional to AF and is a function of the mean energy EF: 


Naz = W(E) AE (2-94) 


The function W(#) is the density of states or the number of states per 
unit range of energy. It is zero in a forbidden band. 


2-19. CONDUCTION OF ELECTRICITY, ELECTRONS AND HOLES 


If an allowed band is empty, there is no electron in it to conduct electricity. 
If an allowed band is full, the electrons in it do not take part in the conduc- 
tion of electricity either. Only elec (rons in a partially filled band conduct 
olectricity, 
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The explanation is as follows: A state has momentum associated with 
it as well as energy. rom symmetry considerations, the momenta of the 
states are equally distributed in all directions. When an electric field is 
applied in the minus x direction, it creates a tendency for the electrons to 
transfer to states with higher momenta in the x direction. If the energy 
band is only partially filled, there are many unoccupied states with higher 
momenta in the x direction and only slightly higher energy on the average. 
The afore-mentioned tendency becomes realized, and the electrons have 
an average momentum in the x direction. If the energy band is completely 
filled, the only possibility open to the electrons is skipping a forbidden 
band and transferring to the next allowed band. Even with the strongest 
applied field, however, the perturbing energy is of the order of 


electronic charge X field intensity X atomic dimension 
=e X 10° volts/m X 10-°m = 10 ev 


As the width of a forbidden band is of the order of 1 ev or larger, a small 
perturbation of the order of 10-4 ev is quite incapable of causing any elec- 
tron to skip a forbidden band. Thus, no change in electronic states can 
occur, and the average momentum of the electrons remains zero. 

An important outgrowth of the concept that electrons which completely 
fill an energy band do not take part in conduction of electricity is the con- 
cept of “holes” as charge carriers. If an allowed band is nearly empty, the 
electrons behave like negatively charged particles in empty space. In other 
words, they conduct like electrons. If an allowed band is nearly full, the 
aggregated motion of the electrons gives exactly the same effects as conduc- 
tion by positively charged carriers. The reason is as follows: With the 
states nearly filled up, most of the electrons have no opportunity to change 
to a state with higher momentum in the x direction (opposite to applied 
field) except the few electrons near the empty states (or holes) with mo- 
menta somewhat less than that of the empty states. These electrons do 
transfer and leave new empty states behind. Consequently we see the 
holes gaining higher and higher momentum in the —< direction. As a com- 
pletely filled energy band does not conduct electricity, it can be used as a 
reference for nothing happening. In this background of filled states, the 
holes are positively charged particles. Thus we see a picture of positively 
charged particles moving in the —~ direction. 

Figure 2-11 gives an approximate illustration of the situation: Nine 
balls occupy ten spaces, and the rule of the game directs that the ball im- 
mediately to the left of the empty space move into it. The apparent picture 
is that of a hole moving from right to left. We may raise the objection 
that the hole not only moves jerkily but most of the time it is cut in two. 
But the objection is not meaningful in quantum mechanics, If the mo- 
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Fig. 2-11. AN Approxm™ats ILLUSTRATION OF THE MOTION OF 
Hotes. 


mentum of an electron is known ever so approximately, its position cannot 
be completely known. Thus, all we can know about the hole is its approxi- 
mate position and approximated momentum. Although the foregoing 
argument is not conclusive, it has been shown mathematically in quantum 
mechanics that a hole behaves exactly like a positively charged particle. 
It has mass, energy, momentum, and velocity and can be treated approxi- 
mately as a positively charged particle in every way. 


2-20. CONDUCTORS, INSULATORS, SEMICONDUCTORS, AND DOPING 


Figure 2-12 illustrates the energy bands and the way these bands are 
lilled at 0° absolute temperature for five different types of materials. The 
completely filled bands are called valence bands and the allowed bands 
which are empty or half-empty are called conduction bands. The conduction 
band of lowest energy and the valence band of highest energy are separated 
by a forbidden band. The width of the latter is called the energy gap. These 
(three bands are most important in determining the properties of the solid. 
In the following, the terms conduction band, valence band, and forbidden 
band are meant for the conduction band of lowest energy, the valence band 
of highest energy, and the forbidden band in between. 

In Fig. 2-12(a), the conduction band is partially filled, and conse- 
quently the material conducts electricity. Most metals have this structure. 

In Vig. 2-12(b), the conduction band is completely empty and the 
valence band is completely full; consequently the material is a good 
insulator, 

An intrinsic semiconductor has exactly the same band structure as an 
insulator, Its energy gap, however; is smaller, as illustrated in Fig, 2-12(e). 
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The energy gap of an insulator is several electron volts, whereas that of a 
semiconductor is about 1 electron volt or less. 


The process of doping replaces a minute fraction of the atoms of the 
pure crystal with atoms of a different but similar type. If the latter atoms 
have a slightly higher positive nuclear charge, one or two more electrons 
are needed to neutralize each impurity atom in addition to the correct 
number for forming crystalline bonds. These electrons orbit loosely about 
the impurity atoms which are then called donors. The energy band struc- 
ture is shown in Fig. 2-12(d). Note that a narrow filled band is introduced 
at a position slightly below the conduction band. The narrow filled band 
represents the energy levels of the extra electrons. 


If the impurity atoms are of a type with slightly lower positive nuclear 
charge, their orbital electrons are less than the correct number for forming 
crystalline bonds. Consequently, some of the nearby states are empty and 
the holes so created orbit loosely about the impurity atoms. A part of the 
valence band is split out to form a narrow unfilled band right above it as 
illustrated in Fig, 2-12(e), In Fig, 2-12(d) and (e), we still refer to the 
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original conduction and valence bands as conduction and valence bands, 
and the narrow bands generated by the impurities as impurity bands. 

At 0°K, the material represented by Fig. 2-12(a) is a conductor, but 
all the materials represented by Fig. 2-12(b), (c), (d), and (e) are 
insulators. 

At room temperature, k7 is approximately #5 of an electron volt. 
Nquation (2-89) shows that there is a diffusion of electrons from the lower 
energy levels to the higher levels. The redistributions of electrons are illus- 
trated in Fig. 2-13. In Fig. 2-13(a), the dividing line between occupied 
and unoccupied states are blurred, but the material remains a good con- 
ductor. In Fig. 2-13(b), owing to the exponential factor of Eq. (2-89) and 
the wide energy gap, a very negligible number of electrons are raised from 
the valence band into the conduction band, and the material remains a 
good insulator. In Fig. 2-13(c) there are a very small but noticeable num- 
ber of electrons raised from the valence band into the conduction band. 
Consequently, the number of holes in the valence band is equal to the num- 
ber of electrons in the conduction band. The two types of carriers are 
equally responsible for making an intrinsic semiconductor a poor insulator. 
In Fig. 2-13(d), a substantial number of electrons from the impurity band 
move into the conduction band, and the material becomes a conductor 
with negatively charged carriers. In Fig. 2-13(e), a substantial number of 
electrons from the valence band move into the impurity band and the 
material becomes a conductor with positively charged carriers (holes). 
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PROBLEMS 


2-1. An air-conditioner operates at a room temperature of 70°F and outdoor 
temperature of 100°F. It draws 7.5 amp at 120 volts and 95% power factor, 
and has a cooling capacity of 8000 Btu per hour, How many Btu per hour is 

- dissipated outdoors? (1 Btu = 2.93 LO™ kwh.) 
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2-2. An electric fan motor delivers 25 watts to the fan at an efficiency of 20%. 
How much heat in Btu is added to the room per hour? If by using a motor 
of better design, its efficiency is increased to 50% while the fan load remains 
unchanged, what is the new figure of heat added to the room per hour? 


2-3. The temperature rise of a motor frame is approximately proportional to the 
rate at which heat is generated through all kinds of losses in the motor. For 
the inefficient fan motor of Prob. 2-2, the motor frame temperature is 
160°F while the room temperature is 85°F. What is the motor frame tem- 
perature of the improved motor, assuming that the room temperature is 
unchanged? 


2-4. If 1 kg of ice at O°C and 2 kg of water at 85°C are brought together, what 
is the temperature of the resulting substance? 


2-5. Calculate the total entropy rise in cal/°K for Prob. 2-4. 


2-6. Calculate the total entropy rise per hour in Btu/°F for the two cases of 
Prob. 2-2 and Prob. 2-3. Assume that there is no further change in motor 
temperature. 


2-7. Calculate the total entropy rise per hour in Btu/°F for Prob. 2-1. 


2-8. In Prob. 2-1, an engineer is assigned to the job of trying to improve the 
performance of the air-conditioner. He started by measuring the tempera~- 
tures T, of the evaporating coil (cooling coil) and 7’, of the condensing coil 
(heating coil) respectively. He might try to improve the motor compressor 
unit so that it will work better between the two coils; he might try to im- 
prove the affectiveness of the two coils; or he might do something else. 
Under the operating condition of Prob. 2-1, the measured temperatures are 


(a) Te = 60°F, T, = 115°F 
(b). 25 = 30FR; 7, = 175°F 
(ec) 73 = 10-8 T., = 200°F 
What should the engineer do in each case? 


2-9. A steam turbine-generator has a boiler temperature of 540°F and a con- 
densing steam temperature of 140°F. Heat is delivered to the boiler at the 
rate of 1,000,000 Btu per hour. Suppose only 50% of the Carnot efficiency 
is realized by the turbine-generator unit. What is the output power in kwh? 
What is the output power if the boiler temperature is raised to 940°F? 


2-10. The indoor temperature is 70°F and the outdoor temperature is 20°F. 
Calculate the kwh required per day to give a heating effect of 20,000 Btu 
per hour for each of the following schemes: 


(a) Direct electric heating 
(b) Using a Carnot engine heat pump 
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2-11. In quantum mechanics, the expected value of a dynamic variable A is given 


as 
(4) = f Gaar (P2-11-1) 

Q 
where y is the complex conjugate of y. Note that, in case A is not an operator 


but an ordinary function of x and ¢, the preceding expression is reduced to 
the usual method of taking average: 


(a) = f AG Oo(x, 1) dr 


Show that for the wave function 
u(x) = Ceiba 20)" /20? (P2-11-2) 


the following expected values are obtained: 


(x) = 2 


((@— %)*) = > 





(rn) = = 
(pe — (pz))?) = a 


Let Ap, and Az denote the rms uncertainties 
Ap: = VW ((pz— (pe))*) 
Ar = VW (a — a)?) 


Show that 
h 
Ap, Az = — 
et 4r 


Equation (P2-11-2) describes a “wave packet with minimum rms uncer- 
tainty.” In general, 


h 
Ap Aq > (P2-11-3) 


- 4 


The foregoing equation is a more precise statement of Heisenberg’s uncer- 
tainty relation. 


2-12. For the special case of V; approaching infinity in Ex, 2-8 find 


(a) An expression for the energy eigenvalues Ly 
~(b) The eigenfunction u(x) for each Fy 
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2-13. In Einstein’s theory of specific heat for solids, the solid is regarded as a 


system of 3N independent oscillators with natural frequency v. Show that 
for one mole of the substance, the internal energy U and specific heat 
C(Cy = C, = C for solids) are given as 


= 38Nohv 
evikT — 1 
C = 3kf(T/6) 
where F is the universal gas constant, 8 is hv/k and 
ellz 
IO aot 





CHAPTER THREE 


THERMOELECTRIC ENGINES 


A primitive version of the thermoelectric engine, the thermal couple, has 
been known for many years. Until very recently, however, the principle 
was applied only to measurements. The difficulty was that the useful ther- 
moelectrie effects for most materials are at least an order of magnitude 
smaller compared to the wasteful effects of 72 loss and conduction of heat. 
esearch work on semiconducting materials in recent years has finally 
brought the two types of effects to the same order of magnitude. Presently, 
\he thermoelectric engines are useful as energy converters in special applica- 
lions and also as a heat pump for regulating the temperature of electronic 
‘components. With further improvements in material, the method is very 
likely to be commercially competitive with conventional ways of generating 
clectricity. 

This chapter describes the basic principles involved, design equations 
lor these engines, pertinent properties of material, and the underlying elec- 
(ron theory which explains these effects. The electron theory will provide 
the reader with a deeper understanding of the physical nature of thermo- 
vlectric effects, but is not essential to apparatus design. 


3-1, THERMOELECTRIC EFFECTS 


‘Thermoelectricity functions in a way much similar to the distilling of water. 

!f we put water in both ends of an inverted U pipe as shown in Fig. 3-1 ( a), 

heat one end, and cool the other, we shall soon find the water in the heated 

ond evaporated and condensed in the cooled end. There is a transportation 

of water molecules from the hot end to the cold end, Similarly, when we 
65 
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Fig. 3-1. Tae Puysicat OricIn or SEEBECK E.M.F.: (a) AN 
AnaLogy; (b) FLtows or ELecrrons AND Hoes IN A SEMI- 
CONDUCTOR THERMOCOUPLE. 


heat one junction of a semiconductor thermocouple, the electrons are 
“evaporated” or raised from the valence band to the conduction band. 
For each electron “evaporated,” there is a vacancy or hole left behind, and 
thus an electron travels to the cold junction via the n-type material, and 
the hole travels to the cold junction via the p-type material, as shown in 
Fig. 3-1(b). They reunite at the cold junction. Here the electrons drop 
back into the holes and release some energy to the cold junction. As the 
charges carried by the holes and electrons are opposed to each other, there 
is, in effect, a flow of positive current as indicated by 7 in Fig. 3—-1(b). 

The reader may ask why don’t some of the electrons go from the hot 
junction to the cold junction through the p-type material, and some of the 
holes go to the same end through the n-type material? Because of the 
abundance of holes on the p side, almost all the electrons which get to the 
p side recombine with the holes immediately. The same thing happens to 
the holes which get into the n side. The net effect is that these holes and 
electrons may as well not have been separated at the hot junction at all. 

Now let us return to Fig. 3-1(b). If the thermocouple is opened some- 
where along the circuit, the tendency for the current 7 to flow develops into 
an emf. This is called the Seebeck emf, and the effect is called the Seebeck 
effect. 

At the hot junction, or junction 1, both holes and electrons are moving 
away from the junction. To make up for the loss of these charge carriers, 
electrons are raised from the valence band to the conduction band to 
create new pairs of electrons and holes. As it takes energy to do this, heat 
is absorbed at junction 1, Similarly, as an electron drops into a hole at 
junction 2, it gives up its surplus energy. Thus heat is released at junction 2. 
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The number of valence electrons raised to the conduction band per 
second at junction 1, and the number of conduction electrons dropped back 
to the valence band per second at junction 2 are proportional to z. Thus 
the rate of heat absorbed at junction 1 and the rate of heat released at 
junction 2 are proportional to 7. Furthermore, that junction 1 is hotter 
than junction 2 is purely incidental. If junction 1 is colder than junction 
2, but 7 is maintained in the same direction by introducing a battery into 
the circuit, electrons are still raised from valence band to conduction band 
at, junction 1 and dropped back to valence band at junction 2. Heat is still 
absorbed at junction 1 and released at junction 2. The absorption or release 
of heat when an electric current is sent through a junction is called the 
Peltier effect. 

A third and more subtle effect exists because of the temperature gradient 
along each conductor. The charge carriers (electrons or holes) at one tem- 
perature have very different average energy from the same charge carriers 
in the same conductor but at a different temperature. This average energy 
is maintained through frequent collisions with the crystal lattice. If the 
average energy of the arriving charge carriers is lower, they absorb energy 
along the path through collisions with the crystal lattice, which in turn 
absorbs heat from the surroundings. The flow of energy is reversed if the 
average energy of the arriving charge carriers is higher. 

The absorption or release of heat when an electric current passes 
through a conductor with a temperature gradient is called the Thomson 
effect. 

The three effects just discussed, the Seebeck effect, the Peltier effect, 
and the Thomson effect are given the generic name, thermoelectric effects. 
‘Their existence is not limited to semiconductors, as they exist with metals 
and junctions of different metals as well. In metals, however, these effects 
are relatively small and the reason for their existence is more obscure and 
subtle. 

The previous discussion is aimed at acquainting the reader with the 
physical natures of these effects. For engineering purposes, we shall apply 
the two laws of thermodynamics to these effects to derive some precise 
relationships which are then used to formulate a procedure for analysis and 
design of the various types of thermoelectric energy converters. In order 
(hat the derivations be perfectly general, we shall forego the semiconductor 
(heory and define the thermoelectric effects in terms of external measure- 
ments only. 


The Seebeck Effect. Referring to Vig. 3-2(a), two dissimilar conducting 
or semiconducting materials A and B are joined at both ends. If there is 
a temperature difference between the two terminals, 7 p@ 7's, an emf éap 
will appear between B, and By, This effect is called the Seebeck efect. 
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Fig. 3-2. Tae Basic THERMOELECTRIC ENGINE-A THERMO- 
COUPLE: (a) MATHEMATICAL QUANTITIES DEFINING THE 
THERMOELECTRIC Errects; (b) A Basic THERMOELECTRIC 
GENERATOR. 


To measure es, we must make certain that the temperature is the same 
at B; and By. Otherwise, thermoelectric effects between B and the third 
metal which connects B, and B: to the meter element will modify the results 
appreciably. 

The Seebeck emf e, is defined positive if the current tends to flow from 
A to B at the cold junction. 


The Peltier Effect. Now let us connect B; to Bz directly or through a 
battery. A current ¢ flows around the closed circuit. It is found that heat 
is either absorbed or generated at the junctions. Let us say heat q; is ab- 
sorbed at junction 1. If there is a heat reservoir which maintains junction 
1 at temperature 7, heat will flow from the reservoir into the junction as 
indicated by the arrow in Fig. 3-2(a). If there is no such reservoir, junction 
1 must absorb heat from itself, that means that it will cool down to a lower 
temperature. 

The rate of flow of heat qg; is proportional to 7: 


g(T) = ra(T)t © (3-1) 


The sign convention of Eq. (3-1) implies the following: 


1. If we reverse the direction of 7, gq: becomes negative, and heat 
| q1 | is generated at the junction. 

2. A positive r(7') means that heat is absorbed at the junction if a 
positive current flows from B to A, and is generated at the junction 
if a positive current flows from A to B. | 
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The coefficient 7. is called the Peltier coefficient and is a function of 
(emperature. From the definition of way it follows that 


Top l) = —maL) (3-2) 


The Thomson Effect. In the presence of a temperature gradient along a 
conducting material, heat is absorbed or released in proportion to the 
current passing through it. This effect is called the Thomson effect. The 
rate at which heat is absorbed in a small segment of conductor dl is propor- 
lional to the current 7 and the temperature gradient 


aT 
dq = 7(T)t a dl (3-3) 


In Iq. (8-3), positive 7 means that a positive current is flowing in the 
direction of increasing /. A positive dg means that heat is absorbed from the 
surroundings. The significances of the signs of dq and 7(7’) are similar to 
(hat of q: and x(7) which have already been explained for the Peltier effect. 

The Thomson coefficient r(7') can be positive or negative, depending 
on the material. 

Before proceeding further, the beginner must grasp one crucial point 
ubout the thermoelectric effects. Normally, if we transfer heat to a material, 
it gets hot. If we transfer the required Peltier heat and Thomson heat to 
(he elements A and B with the passage of current, however, the tempera- 
lures of these elements are not changed. A simple concept to use is that 
the Peltier and Thomson effects represent the heat carried away with the 
passage of current at the junction and inside the elements respectively. 


3-2, REVERSIBLE EFFECTS OF THE THERMOELECTRIC ENGINE: 
KELVIN’S RELATIONS 


ligure 3-2(b) shows an elementary form of a thermoelectric engine, in 
which we apply heat at junction 1 by immersing it in a heat reservoir R1 
ul temperature 7), and reject heat at junction 2 by immersing it in a heat 
reservoir 2 at a lower temperature 7's. A current 7 flows as indicated be- 
cuuse of the Seebeck effect. The electrical load could be a storage battery 
being charged by 2. 

Now suppose we increase the voltage / and force a reversal of current 
i, Mquation (38-1) shows that the heat q; and q transferred at the junctions 
uve also reversed, Heat is absorbed from R2 by junction 2 and released to 
M1 by junction 1, The thermoclectric engine becomes a refrigeration engine, 
We see that it follows our definition of basically reversible, 
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Now we return to the block diagram of Fig. 2-8 for a basically reversible 
engine. The reversible conversion is accomplished by the Seebeck, Peltier, 
and Thomson effects; conduction of heat is an entropy-rise process on the 
thermal side; and 2? loss is an entropy-rise process on the electrical side. 
Our first step in analyzing a machine is to apply the two laws of thermo- 
dynamics to the reversible block. 

Normally, the Thomson heat is supplied by conduction from the two 
reservoirs. As the conduction of heat is an entropy-rise process, however, 
and does not belong to the reversible block, we must assume, for the purpose 
of analysis, that the Thomson heat is supplied by an infinite number of 
small heat reservoirs along the paths. 

Now let us consider the energy balance of the thermal couple itself for 
an operating period of 1 second. 


At junction 1 the heat input is 
Q. = Ta(T1)2 (3-4) 
At junction 2, its from thermoelement A to thermoelement B, the heat input is 
q2 = —Tar( T2)t (3-5) 


Let us choose the direction of increasing / as from 2 to 1. In thermal element 
A, the current 7 is in the direction of 1 to 2. Therefore, 


1 dT es 
ge = —if ro(T)— al = -4 f n( 7) a7 (3-6) 
2 dl T2 
In thermal element B, the current 7 is in the direction of 2 to 1. Therefore 
T, 
Qo = if m(T) aT (3-7) 
T2 


The total Thomson heat input is 
Ty 
toto =if [rl 2) —20(7)]ar (3-8) 
T2 


The total heat input to the thermal couple is AQ = gi + q2 + qa + q@. The 
electrical work done is the Seebeck emf ea,(71, T'2) multiplied by the cur- 
rent 7. As nothing is changed in the thermal couple itself after 1 second of 
operation, the conservation of energy requires that 


tea( Ti, T2) =q + q2+ qa + % (3-9) 
Substituting Eq. (3-4), Eq. (8-5), and Bq. (3-8) into Eq. (38-9) gives 


oo Tr, Ts) = wan Tr) = mol Ts) +f Cn(2) = re()] aT (3-10) 
Ta 
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Another relation can be obtained by considering the change of entropy 
of the total system, including the thermal couple and the heat reservoirs. 
Since there is no change in the thermal couple and since no entropy is in- 
volved in the doing of electrical work, the increase in entropy of the total 
system is equal to the sum total increase in entropy of all the thermal 
reservoirs. As the process is reversible, the corollary of the second law states 
that there is no change of entropy. Consequently, 


q 1 dda 1d 
as=-2-2_f([@_ [Big (3-11) 
» iT 


Substituting Eq. (3-4), Eq. (3-5), and Eq. (3-8) into Eq. (3-11) gives 
Tab ( T,) Tab ( T2) 


si dT 
Fe ey det fee 


Equations (3-10) and (3-12) are the two basic equations. From this 
point on, we need only mathematics to do the rest. Differentiating Eq. 
(38-10) with respect to 7; gives 


dea(T1, T2) _ daa(T1) 


— Ta sh i 
aT, aT, Ta( 1) + 75( 71) (3 13) 


‘The right-hand side of Eq. (3-13) is a function of 7; only. Let it be denoted 
is Sa( 71). Equation (3-13) can be written as 


dra T, 
Sa(T1) = a — ta(T1) + 70(T1) (3-14a) 
1 
dea ( Ti, T2) 8 
ie = ab ( 71) (3-14b) 


OT; 


Since Eq. (3-14a) and Eq. (3-14b) hold for any 71, we can write T 
instead of 7; in these equations. Integrating Eq. (3-14b) with respect to 
7' from 7. to 7; after the change of notation gives 


Ty 
ear(T1, T2) — eas(T2, T2) = il Sane a 
T2 


I'rom symmetry considerations there can be no emf generated if the tem- 
perature difference is zero. Therefore, ea( 7's, 7's) = 0, and the preceding 
equation becomes 


Ty 
6 (71, T's) 54 | Sar(7') aT (8-15) 


Ts 


72 THERMOELECTRIC ENGINES SEC 3-2 SEC. 3-3 THERMOELECTRIC ENGINES 73 


If 7, — 72 is sufficiently small, Eq. (8-15) can be written as 
ear (T, T2) = (T far, T2) Sav( Tm) (3-16) 


SoLuTion: From the given expression for S. and Eq. (3-19) and Eq. 
(3-20), these coefficients are calculated as: 


Sa = 0.658 X 10- volt/°K 


here 7’, is the mean temperature (7, + 7») /2. 
i : GE ras = 500 X 0.658 X 10-* = 0.329 volt 


The Seebeck emf is proportional to the temperature difference tf the 





dSa 
latter is small and Say ts called the Seebeck coefficient. T. fa =2~x 10°7 — 4x 10°7? — 1.5 X 10-273 
Diff tiating Eq. (3-12) gi 
uiierentiating Hq ( ) gives Ta — 7 = 1 X 10% — 1 & 10° — 0.187 & 10° = —0.187 x 10-3 volt/°K 
(eh) _ tal Ti) = r6(T) _ 0 (3-17) 
aT, T; Ty 


‘ . . ‘ : 3-3. LAWS OF INTE 
Again, 7; in Eq. (3-17) can simply be written as 7. Since RMEDIATE TEMPERATURE AND INTERMEDIATE 





CONDUCTOR 
amine eet mare baw 
ar T T af i rom Eq. (8-15), it follows that 
Equation (3-17) can be written as T; Te. 
j tw(Ts, Ts) + ean Te, Ts) = f Sa(T) dT + f° Sal 2) aT 
Tab Tab T2 Ts 
_— 4 = 3-18 
ar Ta Tb T ( ) a 
The left-hand side of Eq. (3-18) is the right-hand side of Eq. (3-14a) vi I, Se) Sh Peas wiles: 
Therefore, ) : ; : San’ 
quation (3-21) has the following physical significance: Let us use the 
Paye Tab (3-19) same materials A and B to construct a thermal couple working between 
a lemperatures 7), 7s, and another thermal couple working between tem- 
peratures 72, 7’3, and connect the two thermal couples in series as shown 
Equation (3-17) can be written as 
dS 
lees =t.— 7% (3-20) 






Equations (3-19) and (3-20) give Peltier coefficient 7a, and difference of 
Thomson coefficients 72 — 7» in terms of the Seebeck coefficient S... They 
are known as Kelvin’s relations. These two equations, together with Eq. 
(3-15) , are the basic ones for thermoelectric effects. 


Example 3-1: The measured Seebeck effect between two conductors A 
and B in the temperature range 300°K to 800°K can be approximated by 





Sa = 2.2 X 10*++ 2 X 10-°°T — 2X 10°°T? — 5 XK 10-7" 


Fig. 3-3. Diagrams InLvsrratine tae Law or INrerMepiATe 
Temreratune; (a) Two Tuurmocournus CoNNwerap IN 
Sones; (b) rie NquivaLent SinaLw Tamnmocouris, 


where S,» is in volis/°K, and 7’ is in °K, Determine the values of Savy Waby 
and tr, — 7 at 7’ = §00°K, 
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in Fig. 3-3(a). The total emf appearing between terminals B; and B, is 
exactly the same as the emf of a single thermal couple working between 
temperatures 7; and 73; as shown in Fig. 3-3(b). This is the law of inter- 
mediate temperature. 





Fig. 3-4. Diagram ILLUsTRATING THE Law oF INTERMEDIATE 
Conpucror. 


Now let us consider an arrangement as shown in Fig. 3-4 where, at one 
end of the thermal couple, A and B are not joined directly together but: 
through an intermediate conductor C. Thus the total heat input per second 
to the two junctions at 7; is [rac(7T1) + 22a(71) }t. Since there is no tem- 
perature gradient along conductor C, the Thomson heat absorbed by con- 
ductor C is zero. The same reasons leading to Eq. (3-12) give 


Wac(T1) + wa(T1) — tav( T'2) un dT 
Se at ee 
Subtracting the preceding equation from Eq. (3-12) gives 
ma(T1) — tae(T1) — ta(Ti) = 0 
Alternatively, it can be written as 
wa(T) = tac(T) + wa(T) (3-22) 
It follows from Eq. (3-19) and Eq. (8-22) 


Sa(T) = Sa(T) + Se(T) _(3-23) 





SEC. 3-4 THERMOELECTRIC ENGINES 75 


Equations (3-22) and (3-23) are known as the law of intermediate 
conductor. They have some very significant practical implications which 
will be discussed below: 


Basie Construction of Thermoelectric Engine. As conduction of heat 
directly from R1 to R2 through the thermal elements causes a loss of useful 
energy, it is to be avoided as much as possible. Good thermoelectric ma- 
lerials are usually poor conductors of heat. This means that with two good 
thermoelectric materials joined together directly, it becomes a problem to 
conduct heat to the junction without causing appreciable temperature drop. 
lsecause of the law of intermediate conductor, we can use a good conducting 
material, say, copper, as the conductor C of Fig. 3-4. Heat can be conducted 
Irom copper to the two junctions, without appreciable temperature drop, 
yet thermoelectrically it is still the same as joining A and B directly 
together. The arrangement of such a thermal couple is shown in Fig. 3-5. 
Ileat is conducted to, and from, the junctions through copper blocks at 
both ends. 


Measurements of Seebeck and Peltier Coefficients. Because of Eq. (3-22) 
and Eq. (8-23), ra and S.s can be written as 


Ta(T') = ra(T) — m(T) (3-24) 
Sa(T) = S.(T) — &(T) (3-25) 


where m.(7) and S.(T) are coefficients of material A relative to some 
neutral metal. S,(7') is also called the thermoelectric power of A. To deter- 
mine as(Z') or Si(7') for N different materials, we need only measure 
N — 1 values of ra(7), or Sa(7’) where a = 2, 3, ..., N. The Peltier 
coefficient 72, between any materials a and b can be calculated as 


mao( 7’) = wa(T) — m(T) = ra(T) — m(T) (3-26) 


A similar relation holds for S..( 7’). Without the law of intermediate con- 
(ductors, we would need N(N — 1)/2 measurements to determine the 
Veltier or Seebeck coefficients for all possible combinations of materials. 


4-4, ENTROPY ASSOCIATED WITH CHARGE CARRIERS 


A more abstract idea is to regard S,(7') as the entropy per unit charge of 
charge carriers in material A at temperature 7’, 
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Equations (3-19) and (3-20) can be written as 


ta(T) 
Sa(f) — S,(7) = aa (3-27) 
Boa 3-28 
qT T (ag 


Equation (3-27) means that as heat ra(7') is absorbed by the charge 
carriers at the junction, their entropy is increased by rw/7. 


Equation (3-28) means that as the charge carriers travel from a tempera- 


ture T to a temperature 7’ + AT’, they absorb an amount of heat 7A TY 


and their entropy is increased by 7,A7/T. 


Equation (3-25) now has a new significance: 


The Seebeck coefficient Sa, (T) is the difference in entropies S,(T) — 
Si(T) of one unit charge of charge carriers in the two materials at 
temperature T. 


3-5. THE BASIC THERMOELECTRIC ENGINE 


Let us consider the basic thermoelectric Heat at 7 
engine of Fig. 3-5. Heat is transferred 
to the elements A and B through the 
copper block on top, and the rejected 
heat is dissipated to the surroundings 
through the two copper blocks at the 
bottom. The latter also serve as the 
electrical terminals on which the load 
is connected. In general, the transfer 
of heat between the side surface of a 
thermal element and its surrounding is 
quite negligible, and we shall assume 
that the transfer of heat takes place at 
the two ends only. Fig. 3-5. AcruaL ARRANGEMENT OF 
a 2 A Basic THERMOELECTRIC ENGINE, 
In addition to the reversible effects Upnazina rae Law or INTERMEDIATE 
there are two other important effects: Conpvucror. 





Ambient 73 


(1) Heat is conducted from reservoir R1 to reservoir R2 at the rate of 
Qe = k(T; — T+) (3-29) 


where k is the total thermal conductance of the elements A and B. 
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(2) There is an 7?R loss due to the series resistance R of the two thermal 
elements. Since the 7?# loss is uniformly distributed along the thermal 
elements, half of the heat so generated is conducted to R1 and half of the 
heat so generated is conducted to R2. The effects of the 7?R loss are 


(a) The terminal voltage becomes 
Va = a — tR 
(b) Heat is conducted into the two reservoirs at the rate of ¢,/2 each, 
where q, = ?R. 


Among the reversible effects, the Thomson heat is supplied by conduc- 
tion from the two reservoirs. The exact quota of the Thomson heat supplied 
hy each reservoir depends on the temperature gradient and variations of 
r, and 7, with 7. It is not easy to calculate without making some simplifying 
assumptions. A useful approximation is that gr/2 is supplied by each res- 
ervoir, where 


T1 
qr = ts (Tt — ta) AT (3-30) 


T2 


Summarizing the foregoing, the rate of thermal input from R1 to the 
(hermoelectric generator is 


O=ata— 7 te . = wa(T1)t + k(T1 — T2) 


2R , rT. 
a = n ; [ (-n)aP (3-31) 


Ts 


‘The rate of heat dissipated into R2 is 


= -m+a+ . = 3 = na(Ts)i + b(T, — Te) 


PR i ph 
+— = af (r — 1) dT (3-82) 


‘The output electric power is 


Ty 
W=Q-Q= i[ra(t) — ta(T's) + il (tm — ta) dT — ir| 


Ts 


(3-33) 


78 THERMOELECTRIC ENGINES SEC. 3-5 
Using Eq. (3-10), Eq. (3-83) is reduced to 
W’ = [ea(Ti, Te) — tR}i = Voi (3-34) 


as it should be. 
For refrigeration operation, the signs of 7, W, and Q are reversed. 
Equations (3-82) and (3-33) become 
On = Tar( T'2)t —— OR = T2) oe ee carte (tT = Ta) aT (3-35) 


= [ea(Ts, Te) + ik] = Ve (3-36) 


3-6. APPROXIMATE EQUATIONS FOR ENGINES WITH 7; — T: < Tp 









Equations (3-31) to (3-36) are general enough and are good for per- 
formance calculations. They can be simplified for the important special 
case of small 7; — 7 relative to the mean temperature 7, = (71 + T2)/2. 


The Equivalent Peltier Effect. Because of the assumption that transfer 
of heat takes place only at the two ends of the thermal elements, the 
Peltier and Thomson effects can be lumped together. Let gi and gd denote 
the total heat transferred into the junctions owing to the two reversible 
effects. Then 


T 
a =a+ 
o qr (3-37) 
@=@t 2 
Equations (3-20) and (3-30) give 


p Sen 


qr at 
ea ied = @7 « — TS Sw dT 
i i aT ys . 





Re 


T2Sa(T2) — TySa(Ti) + (71 — T2) Sm (3-88) 


where S,, is the average Seebeck coefficient in the temperature range of 


interest: 
Ty 
[ Sucr) ar 


a 
Mm — Ther, 


- (3-89) 
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.quations (3-37) and (3-38) can be combined to give: 


( 1 A 
F = 5 CT Se(T1) + TrS8ax(Ts) + (L1 — Tr) Sm] = TrSm + 5 (3-40) 
Similarly, 
q A 
AP, (A: ae es 
; 25m + 9 (3-41) 
where 
a= Ti Sa( 71) = Sil + TL Sas( T2) = Sm] (3-42) 
Subtracting Eq. (8-41) from Eq. (8-40) yields 
G — @ = (T1 — Te) Spi (3-43) 


Equations (3-40), (3-41), and (3-43) have an interesting significance. 
If A = 0, Eq. (3-40) and Eq. (3-41) would give 


Hn Ti 
@ TT, 


ls 


which is characteristic of a reversible process. The quantity A, therefore, 
represents the irreversible effect of conduction of Thomson heat to the 
two ends. It is not exact because we have assumed that the Thomson heat 
is conducted in equal amounts to both ends, but in reality the partition 
(lepends on the distribution of the Thomson heat along the thermoelectric 
elements and is not equal. 

lor sufficiently small T; — 72, A is a negligible quantity, as is shown 
below: 


Let Tm = (Ty + T2)/2. The function S,,(7') can be expressed as a 
power series of T — Tn: 
Sa(T) = ao +a(T — Tn) +a2(T — Tn)? + e+ (3-44) 
Substituting Eq. (3-44) into Eq. (3-39) and integrating gives 
a 
Sm = a9 + (Ty = Ta)* + o8 (3-45) 
Substituting Eq. (3-44) and Eq. (3-45) into Eq. (3-42) gives 
ay a2 
A= ry (71 — Ts)? + 4 hs + Fa CT Ty)? + see (3-46) 


The higher-order terms in Nq. (8-44) and iq, (3-45) can contribute only 
lo terms of third or higher power in 7 = 7's, 
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Equation (3-46) illustrates that A is of the order (7; — 7T2)?. Whe 

T, — T> is sufficiently small, A/2 is negligible compared to G@ and @%. 
Therefore, 

GH = TiS8nt 


BY Text (3-47) 


The combined Peltier and Thomson effects operating between two 
temperatures T; and T+ of relatively small T; — Ts ts approximately 
equivalent to a Peltier effect alone, with a constant Seebeck coefficient 
equal to Sm. The equivalent Peltier effect obeys the relation that 

“a & 


=— = Sut 


Tin iT 


In practice, the equivalence just cited is found to hold quite well f 
a value of 7; — T, less than, or equal to, T'n. 


Performance Calculations. Using the approximate equations (3-47) 
the operating equations for a thermoelectric generator can be readil 
obtained. 


Heat Input 
Qi = T1Snt + kK(T1—-—T2) - = 
Peltier + Thomson conduction copper loss 
Rejected Heat 


PR 
Q2 = T2Snt + k(T1 — T2) + — 


Electrical Output 
W' = Qi — Q2 = [(T1 — Ta) Sm — ik] = Vi 
where V is the output voltage 
V = (T; — T2) Sm — iR 


Equation (3-51) means that the output characteristics of a ther 
electric generator with fixed junction temperatures are the same as that 
a battery with an electromotive force (7; — 72) Sm and an internal 
sistance R. 


For a refrigeration engine, the signs of Qi, Qs, W, and ¢ are rever 
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The corresponding equations are 


A eR 
Q7 = Ti Smt = k(t, 4 Ts) + ry (3-52) 

LA . PR 
Of = T.S.6 = (T= 7) = oy (3-53) 
W" = (Ty — Ts) Sei + @R (3-54) 
G = (hh Ws, + eb (3-55) 


xample 3-2: Certain elements A and B have the following properties in 
the temperature range of interest: 


Sm = 0.003 volt/°K 
thermal conductance of each element = 0.04 watt/°K 
resistance of each element = 0.025 ohm 


‘The elements operate between junction temperature of 1250°K and 750°K. 
Determine 


(1) Maximum output and efficiency at maximum output 
(b) Input power and terminal voltage at no load 
(c) Input power and current under short-circuit condition 


SoLutTIoN: The generated emf is 

E = 0.003 X (1250 — 750) = 1.5 volts 
‘The internal resistance is 

Rk = 0.025 ohm X 2 = 0.05 ohm 

k = 0.04 watt/°K X 2 = 0.08 watt/°K 


2 


(a) Wimax = — = 11.2 
aR 5 watts 
es 15 
, = — = 
bane eee 
152 ; 
Qi = 1250 x 0.003 x 15 +49 - = 2S 


= 66.25 + 40 — 5,62 = 
11,25/90.63 = 12.4% 


90.63 watts 
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(b) At no load 
Vi 
Q, = k(T,; — T2) = 0.08 X 500 = 40 watts 


E = 1.5 volts 


(c) Under short-circuit condition 
4=— = 30am 
R p 


30? X 0.05 


Qi = 1250 X 0.003 X 30 + 0.08 X 500 — 5 


112.5 + 40 — 22.5 = 130 watts 


Operating Point at Maximum Efficiency. Since efficiency is one of the 
most important factors in determining whether power-generating equip- 
ment is feasible, thermoelectric generators are usually designed to operate 
at, or near, the maximum efficiency. From Eq. (3-48) and Eq. (3-50), the 
thermal efficiency can be written as 


We (Ti — T2)Sni — PR 


= = (3-56) 
Q@ -T,Sat +h(Ti — Tr) — PR/2 


0 


In Eq. (3-56), it is obvious that if ¢ is too small, the conduction term 
predominate. If 7 is too large, the 7? term will predominate. In order 
obtain maximum efficiency there is an optimum value for z. Let M deno 
the ratio of useful output voltage to the 7h drop 
ue (T - ue — ik 
tk 
Then, iR = (Ti — T2)Sm/(1 + M). Dividing the denominator an 
numerator of the right-hand side of Eq. (3-56) by 7?R, the numera 
becomes M, and the denominator becomes 

Ti1+M) kR(1+ M)? 

4 Te Su?(T: — Ts) 


(3-57 


1 
~ 2 
Let z denote S,2/kR. Equation (3-56) can be rewritten as 
W’ T, — T2 M 
Oi T t+ M+ (1+ M)/Te — 4° C( M1 — M)/T) 
T, — 72 | 





(3-58) 





1 F(M) 
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where 


2 
TOD) «14 + 
) Tz - Tz M 


The lowest value of F(M) is obtained if 
MM = Mo = V1 Ft Trt = V1 + TS? KR 
2 2M, ¢ 2(1 + Mp) 


1+—4+——=1 
T1z Tz Tiz 


M Ik Pye 1 
((- 424 ) (3-59) 


2 7, Tye 


(3-60) 


F (Mo) 


Rs 2D x a TiM, + T2 
Ti(Mo—1)  T1(M, — 1) 

The optimum thermal efficiency is 

T, — Ts. M,-—1 
T My + 7/7; 

For refrigeration operation, Eq. (3-53) and Kq. (3-54) give 


Qs T2Smt — k(T, — T2) — (#R/2) 


Cres = 
Ls sid 1(T, — T2)Sn + ?R 


let M denote the ratio of applied voltage to iR drop. Equation (3-63) 
becomes 


(3-61) 


n= (38-62) 


(3-63) 


T2 2 Are 1 M 
G=- +e oe =)-= 
Bes = T. Tz M Ls 2 Tz Tez eee 


In order to obtain the highest coefficient of performance, the optimum 
value of M is again 


M) = 1 + T m2 
‘The optimum coefficient of performance is 
= =| mole phate Sa 
T; = T. T2 Tz Ti — T2 My + 1 a 


3-7, FIGURE OF MERIT 


The preceding section shows that the optimum performance of a thermo- 
electric engine depends on the ratio TnSn?/kR. The higher this ratio is 

, 
the better will be the performance. Now 7'» is fixed by the design condition, 
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S,, is fixed by the choice of materials. For any combination of materials, 
the dimensions of the thermal elements should be so selected that KR is a 


minimum. Let 
K,, Ky = thermal conductivities of A and B, respectively, 
pa, p> = electrical resistivities of A and B, respectively, 


| bp Ih 


oa, 0» = cross-sectional areas of the thermal elements. 


lengths of the thermal elements, 


The thermal conductance k and electrical resistance R can be calculated 
from the foregoing data: 








Oaks onKe 
=——+— (3-66) 
I fot oy 
apa, L 
Bi Ey (3-67) 
Ca Ob 


Let r denote the ratio calz/osLa. From Eq. (3-66) and Eq. (3-67) 


1 
LR = (Ka + Ke) (2 + o1) = pala + Ke + rKam + —Kopo (3-08) 
i 
Therefore, KR is a minimum if 


_ [Kore (3-69) 
K 
and Eq. (8-68) becomes 


(kR)o = paKKa 5p pris +2 KK paps = ( V paKKa an AY prKy)? 


The constant 
2 2 
(eos Se (3-70) 
(KR)o (VW paKKa + V poke )? 
is called the figure of merit for the combination of materials A and B. 
In Soviet literature, the parameter 


Si 
Kapa 
is used to indicate the merit of material A. There is increasing adaptation 
of this definition of the figure of merit in the United States literature. There 


appears to be little scientific reason, however, to prefer Iq. (3-71) ove 
Eq. (3-70) since both parameters ¢ and @ are temperature dependent. The 


(3-71) 





a = 
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parameter @ is dimensionless and also gives a direct indication of the per- 
formance, but there are more data in terms of z. Both z and 6 will be used 
in this text. 

For studying materials, it is convenient to define a figure of merit for 
a single material: 





TS3 
na (3-72) 
Kapa 
Suppose that the material B has the same K and pas A, and S, = —&. 


Then Sy = 2S, and 6 = &j. 

The relative efficiency 7re1 and relative coefficient of performance Cr.1 
are defined as the actual quantities over the corresponding Carnot values. 
'rom Eq. (8-62) and Eq. (3-65), 


Ui] M, —]1 
NCarnot Mo Ste T2/ Tx 


C My, — T/T: 
Crt = Si a a (3-74) 
Conant M 0 a5 1 

where My = V1 + 0, , and 6, is the value of 6 as calculated from mean 
values of S, K, and p in the temperature range between 7 and 7». The 
values of nre1 and C;.1 versus 6 are plotted in Fig. 3-6 and Fig. 3-7 respec- 
lively. Note that, with a figure of merit of 3 or higher, thermoelectric 
engines would become commercially competitive. The highest figure of 
merit of known materials is about 1. As this is already many times better 
than what was known a decade ago, the future of thermoelectric generators 
and refrigerators is bright indeed. 


(3-73) 


Irel = 





3-8. PROPERTIES OF THERMOELECTRIC MATERIALS 


The discussion in See. 3-7 points out the three pertinent properties of a 
thermoelectric material: the Seebeck coefficient S, the thermal conductivity 
K, and the electrical resistivity p. The best material has large S, and low 
values for K and p. These three properties are not unrelated, however. For 
solids, the general tendency of change of p, K, and S as the density of 
charge carriers varies is shown in Fig. 3-8. 

In lig. 8-8(a), S is the thermoelectric power of the material relative 
to a neutral metal. We note two significant, points: 


(1) The thermoclectric power is positive for p-type material and negative 
for n-type material, This means that if p-type materials formed into a 
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. 
iJ 
@ 
oO 
: 
a 
a 
o 
= 





ee 


om 0,2 (Os) 1.0 2 5 {0 
Figure of merit @=7Z 


Fig. 3-6. Maximum REwAtive EFricleENCy VERSUS THE FIGURE 
or Merit oF THE HLEMENTS. 


thermal couple with neutral metal, positive current will flow from the p- 
type material into the neutral metal at the cold junction. 


(2) After the peak, the absolute value of S decreases as the density of 
charge carriers increases. 


In Fig. 3-8(b), both the thermal conductivity K and electrical con- 
ductivity 1/p increase almost linearly with the density of charge carriers, 
The conduction of electricity is entirely due to the charge carriers and 1/p 
becomes zero as the density vanishes. But the conduction of heat is partly 
owing to lattice vibration and only partly due to conveying action of the 
charge carriers. The former effect accounts for Kz; the latter effect accounts 
for the rising value of K as the number of charge carriers is increased. 

From Fig. 3-8(a) and (b), it is obvious that, as the density of charge 
carriers is increased, the figure of merit first rises and then decreases. The 
maximum value of @ occurs at a density of about 10! per cubic centimeter 
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Fig. 3-7. Maximum Revative CorrriciIent oF PERFORMANCE 
VERSUS THE Figure oF MERIT OF THE ELEMENTS. 
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Fig. 3-8. Senneex Conrriciantr AND Conpuctivitinag or A 
SmeMIcCONPDUCTOR VORsUs CONCENTRATION OF IMPURITIOA, 
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and is about a thousand times smaller than the density of charge carriers 
in pure metals. One can thus conclude that the best thermoelectric materials 
are likely to be found among semiconductors and semimetals. 

One example of such a semiconductor is the lead telluride compound, 
Pb Te. It is not among the best, which are known today, in terms of figure 
of merit, but it has been used for thermoelectric generation for several 
years and its properties are fairly well known. The materials can be doped 
with sodium to form a p-type conductor or Pb I, to form an n-type con- 
ductor. As Na has fewer valence electrons than Pb, replacement of Pb 
atom by Na atom increases the number of holes. Similarly substitution of 
a Te atom increases the number of electrons. Thus, by changing the com- 
position, the type and density of charge carriers can be modified at will. 
Figures 3-9 to 3-13 show the Seebeck coefficient, electrical resistivity, and 


300 
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P-type Pb7e 
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Fig. 3-9. Serpeck Corrricient or Pb Te versus TreMPERA- 
rurE. (Reprinted from R. W. Fritts, “Design Parameters for 
Optimizing the Efficiency of Thermoelectric Generators Utilizing 
P-Type and N-Type Lead Telluride’ A/EE Transactions, Vol. 
78, 1959, Part I.) 
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Fig. 3-10. Resistivrry or Pb Te versus TEMPERATURE. (Re- 

printed from R. W. Fritts, ‘“Design Parameters for Optimizing 

the Efficiency of Thermoelectric Generators Utilizing P-Type 

ae Reta Lead Telluride’ AIZE Transactions, V91. 78, 1959, 
art I. 
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Fig. 3-11. Taerma, Conpvucriviry versus TEMPERATURE 
(Reprinted from R. W. Fritts, “Design Parameters for Optimising 
the Ifliciency of Thermocloctric Generators Utilizing P-Type and 
N-Type Lead Telluride’ AEE Transactions, Vol. 78 1959 
Part 1.) ; , 
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Fig. 3-12. Figure or Merit or p-TyrE Pb Te versus TEM- 
PERATURE. (Reprinted from R. W. Fritts, “Design Parameters 
for Optimizing the Efficiency of Thermoelectric Generators 
Utilizing P-Type and N-Type Lead Telluride’? ATEE Transac- 
tions, Vol. 78, 1959, Part I.) 


S?/Kp as functions of temperature and amount of doping. We note the 
following: 


Seebeck coefficient 


1. The Seebeck coefficient rises to a maximum and then declines as tem- 
perature increases. The peak is higher and occurs at a lower temperature 
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Fig. 3-13. Ficure or Merir or n-Typr Pb Te vERsus Trem- 
PERATURE, (Reprinted from R. W. Fritts, “Design Parameters 
for Optimizing the Efficiency of Thermoelectric Generators 


Utilizing P-Type and N-Type Lead Telluride’ AIEE Transac- 
tions, Vol. 78, 1959, Part I.) 


for compounds with less doping. Electrical resistivity 


2. At low temperature, the Seebeck coefficient of a material with a rela- 1. Ther 


tively low percentage of doping is highest. At high temperatures, the See- 
beck coefficient of a material with a high percentage of doping is highest. 

2 
3. The crossover occurs much sooner for the p-type Pb Te than for the 
n-type Pb Te. 





esistivities of both.types of materials tend to rise with tempera- 


lure at lower temperatures and to decline at higher temperatures. 


ry 
, The 2 values of both types of material show the same tendencies of 
variation as the thermoelectric power, 
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3-9. TYPICAL LAYOUTS OF THERMOELECTRIC ENGINES 


The layouts of thermoelectric engines are designed on two considerations: 


(1) The thermal and electrical impedances must match those of the source 
and the load. 


(2) The conduction of heat not inherent to the device is kept at a minimum. 


Since the thermoelectric materials usually have low voltage, high cur- 
rent, and fairly low thermal conductivity, the elements are usually in 
series electrically but in parallel thermally. Some such layouts are shown 
in Figs. 3-14(a), (b), and (c). In Fig. 3-14(a), the thermal elements are 
spaced along the length of the fuel chamber. This layout is more suitable 
to long fuel chambers with small diameter. In Fig. 3-14(b), the thermal 
elements are spaced radially. This layout is more suitable to short fuel 
chambers with large diameter. In Fig. 3-14(c), the thermal elements are 
arranged in a two-dimensional array. In all cases, we see that the electrical 
leads are always taken from the ambient temperature side, to reduce the 
loss of thermal energy or refrigeration capacity by conduction through the 
electrical leads. 

The source of heat for a thermoelectric generator may be either con- 
ventional fuel or nuclear fuel. We note that the shape of the fuel chamber 
of Fig. 3-14(a) suits a nuclear fuel element neatly. 

If a positive current is set into the negative terminal by an external 
source of emf, the thermoelectric generator becomes a refrigeration engine 
and the fuel chamber becomes a refrigerated compartment. 

For temperature regulation, one need only replace the battery by a 
source of varying emf. When the direction of current is reversed, the diree- 
tion of heat transfer is also reversed. Thus, the thermoelectric engine can 
be readily used for bidirectional temperature regulation. 

Sometimes, a large temperature difference is desired; then one can use 
the two-stage design as shown in Fig. 3-15. The first thermal couple cools 
from 7, to some intermediate temperature 73, and the second thermal 
couple cools from 1’; to the final temperature 7’. The heat released by the 


second thermal couple is absorbed by the first thermal couple. Multistage” 


design, however, is rarely used in thermoelectric generators. The reason 
for this difference is illustrated by Eq. (3-73) and Eq. (3-74): The rela- 
tive efficiency frei increases as the ratio 71/72 is increased, but Cre: de- 
creases as 7/72 is increased. As a matter of fact, given any 0m, the tem= 
perature ratio is limited by 


7 ee 
—<$ Vit Om 
T's . 
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Heat source 
or refrigeration | 
chamber refrigeration chamber 


Heat source or 


(a) (4) 


£2 Thermoelectrically positive material 
Thermoelectrically negative material 


Connectors 
( at bottom 





Ambient: top end 
Heat source: bottom end 


Fig. 3-14. Typican ARRANGEMENTS or THERMOELECTRIC ELE- 


MENTS: (a) LonarrupinaL ARRAY; (b) Rapran ARRAY; (ce) 
_ 
Two DIMENSIONAL ARRAY. 


Whenever the equality sign in the foregoing equation is reached, Eq. (3-74) 
shows that the cooling effect is zero. The advantage of hialtistaging is that 
the temperature ratio 7/7’, can be extended. There is no theoretical 
limitation to the number of stages as long as there is material available for 
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Fig. 3-15. Cascapine or A THERMOELECTRIC ENGINE. 


working in the various temperature ranges. But practically speaking, the 
input power requirement increases exponentially with the number of 
stages, and a limit of economic feasibility is soon reached. These points are 
made quantitative in Prob. 3-7, Prob. 3-8, and Prob. 3-9. 


3-10. DESIGN OF THERMOELECTRIC GENERATORS AND HEAT PUMPS 


Thermoelectric generators and heat pumps (or refrigeration engines) are 
usually designed for optimum efficiency at the nominal operating point. 
The given conditions of design are 


1. Operating temperatures, 7, and T2 

2. Terminal voltage V 

3. Output capacity, which is W’ for a generator, Q% for a heat pump, 
or Q% for a refrigeration engine. 


The first step in design is choosing the type of material to use, dope 
concentration, possibility of multistaging in the case of a heat pump or @ 
refrigeration engine, etc. As this step in design is dominated by economies, 
availability of material, and space, etc., rather than by scientific considera- 
tions, it is bypassed in this book. 

At the second step, the problem is already reduced to that of designing 
a single-stage engine with 7), Tz, V, Sm, p, K, and W’ (or Q% or Q%) given, 
The number of couples in series and sizes of the elements are to be 
determined. 

One significant point about the equations developed in Sec. 3-6 and 
Sec. 3-7 is that if the four parameters La, Ls, oa, and o are changed in 
proportion, the performance of the thermoelectric engine is not changed 
at all. Thus the dimensions cannot be determined from these equations 
alone and an auxiliary condition is needed, i 
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We recall that, in deriving the equations of Sec. 3-6 and Sec. 3-7. we 
have completely neglected the thermal and electrical resistances at: the 
junctions between the copper block and the thermoelectric elements. To 
be sure, with thermoelectric elements of sufficient size, junction iitanies 
are negligible. This is not true, however, when we allow the sizes to shrink 
to zero. A minimum length of the thermoelectric elements of about 0.5—1 
cm, or a maximum current density is generally specified. With the auxiliary 
condition, the equations developed in Sec. 3-6 and Sec. 3-7 are sufficient 
to specify everything. Step-by-step procedures are given below to illustrate 
this point: 


Generator Design 
1. Given values are 71, T2, V, W’, Ka, Ko, pa, p», Sm, Ly, and Ty. 
2. Calculate 

(Ti + T2) 83, 


" 2(V7 ake + Vokes )? 
3. Calculate 


M 1 Es 1 + Gs 
4. Calculate voltage per couple 
M 
Vi = (11 — T2) Sm * ——— 
1+ M 
5. Number of couples in series 
Mes 
Vi 


N, is the smallest integer satisfying the foregoing inequality. 
6. Calculate operating current 

Ww’ 
ide. 


a 
7. Calculate total resistance per couple 
R = Vi/ 1M 0 
8. Calculate the optimum value of the ratio r: 


Kapo 
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9. Equation (3-67) gives 


Ta 
Ce (pa aie rpo) 


Oa 
Therefore, L,/oa can be calculated as 


ibp. R 


Ca . (pa + To) 


10. Calculate the areas of the elements 





a4 La 
i ee 
hate. he 
r tptas 


11. The thermal conductance k can be calculated as 
uh 
sites ho At crac V pols )? 


If the allowed current densities J, and J; are given instead of the lengths 
of elements, the tenth step is replaced by 


t t 
ce. = st C5 = Z, 
158 La 
Le = Ga (=), Ty = rop (=) 
Oa Ta 


If L, and Ly are required to be equal, the larger of the two values is 
used for both L, and I», and the area is changed proportionately. 


Heat Pump or Refrigeration Engine Design 


1. Given values are 71, 72, V, Q7 or Q%, Ka, Ko, pa; po, Sm, La, and Ly (or 
Jo and J»). 


2. Calculate Om. 


3. Calculate Mo. 
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4. Calculate voltage per couple 





Mo 
w= (% - Ty) Be 7. = 
5. Number of couples in series 
V 
N, < PaaS 
V1 


N, is the largest integer satisfying the preceding inequality. 
6. Calculate input watts and operating current: 


T.My) — T; 








Maen ed ners BT Sh 
(T1 — T2)(My + 1) 
WwW" = : (o Wi “) 
C+ 1 C: 
. w" 
= 
V 


7. Calculate total resistance per couple 
Vi 
iMy 


The rest of the design calculations are identical with the generator 
calculations. 


The third step is performance calculation as a final check. 


Example 3-3: Design a thermoelectric generator to operate from a heat 
source of 1000°K and to reject heat at 600°K. The required output is 50 
watts at 6 volts. The properties of the materials to be used are 


Sm = 0.001 volt/°K 
Ka = 0.03 watt/em-°K 
Ky = 0.02 watt/em-°K 
= 0.005 ohm-cm 


pp = 0.006 ohm-em 


Assume the thermoelectric elements to be 1 em in length, 
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Sotution: The design calculations are done as outlined: 
2. Vpaka + VW poke = 0.01225 + 0.01095 = 0.0232 
Tm = 3(1000 + 600) = 800°K 
_ 800 X 10° 
2.32? X 10+ 
3. My = V/2.49 = 1.58 


= 1.49 


m 


1.58 
400 X 0.001 X ree = 0.245 volt/couple 


4. Vi = 
Sos es 
Vi 0.245 
Nee oh 
6. 7 = 50/6 = 8.33 amp 
24 
fe See Coe aha 
8.33 X 1.58 
ee [0.02 « 0.005 5 RS — 0.746 
0.03 * 0.006 1.8 
La 0.0186 0.0186 


= 5 ———____ = —__ = 1.6 


1 
0. cg = — = 0.51 cm? 
se 


1 


= ———_——_—_ = 0).685 em? 
1.96 X 0.746 


a) 


3-11. ELECTRON THEORY OF THERMOELECTRICITY 


To understand why the Seebeck coefficient changes with temperature and 
carrier density as it does, we shall go one step further in the theory. The 
essential points are as follows: 


Energy Band. As discussed in See, 2-18, one of the most important 
concepts in quantum mechanics is that particles (electrons, protons, ote.) 
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cannot have just any arbitrary value of energy. There are a certain number 
of states in each energy range AE, and each particle must occupy one or 
the other of the states. The states are 
quite similar to seats in an opera 
house. Each seat represents a possible 
audience, but it may remain unoc- 
Conduction cupied. Electrons are a type of 
Fermions characterized by the prin- 
ciple that no two Fermions can 
— Fs occupy the same state. 
For electrons in solids, the typical 
density of states W(F) as a function 
wiz) Ofenergy His shown in Fig. 3-16. For 
—~ FE, < E < E., W(E) = 0, which 
E means that it is not possible for an 
—Ly ° < ° 
electron in the particular solid to have 
such an energy value. This is called 
Valence the forbidden band. The energy band 
band ; 
below E, represents electrons tightly 
bound into the lattice structure of 
the solid and is called the valence band. 
Fig. 3-16. Tyrrca, Piors or Densrry The energy band above £, represents 
free electrons and is called the con- 
duction band. 


E 





Forbidden 
band 





or SraTes versus ENErGy. 


Fermi Factor. The probability of a state’s being occupied by an electron 
depends on £ and the temperature, and is given by the Fermi factor Eq. 
(2-89) : 

1 
f(£) = 14 e@kone (3-75) 
where k is the Boltzmann constant. A plot of f(£) is shown in Fig. 2-9. 
We note that at absolute zero temperature, 7 = 0, f(#) isl for E < Ky 
and cuts off suddenly at E = Ep. The cutoff is more gradual as 7’ is in- 
creased. 

The energy Ey is called the Fermi level. Its value is determined by the 
condition of charge balance. The total number of electrons per unit volume 
must equal the total number of positive charges or protons in all the atomic 
nuclei per unit volume: 


[° sanwan an =n, (3-76) 
0 


Iquation (876) is a rewritten version of Iq. (2-90), 
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[t-7(Z)W(2) 







(c) 


Fig. 3-17. CHANGE IN FERMI-LEVEL witH TEMPERATURE-A 
RESULT OF CHARGE BALANCE: (a) INTRINSIC SEMICONDUCTOR; 
(b) n-TypE Semiconpuctork at Room TEMPERATURE; (c) 
SaME n-Typr SEMICONDUCTOR AT High TEMPERATURE. 


Since f(Z) is a function of Eo, 7, and FE, the integral on the left-hand 
side of Eq. (3-76) is a function of Mo, and 7. Equation (3-76) gives Ko 
as a function of 7’. To see this graphically, we plot w(/) and f( £) together 
in Fig. 3-17. In Fig. 3-17(a), the semiconducting material is not doped, 
and the total number of electrons is just sufficient to occupy all the states 
below E, but nothing above E,. At non-zero temperature, some of the 
states above EF, are occupied, as shown by the product f(#) w(£), and 
some of the states below ZH, are vacated, as shown by the product 
[1 — f(£)]W(B2). To be visible, the products are drawn in an exaggerated 
scale. The number of electrons above HZ, must be equal to the number of 
states vacated below E,. Therefore, Hy is somewhere near the center of the 
forbidden band. Its exact position is influenced by the fact that W(/) 
above #, and W(E) below E, are not exactly mirror images of each other, 
The vacated states below HZ, become holes. They behave exactly like 
carriers of positive charges in every way. 

In Fig. 3-17(b), the semiconductor is doped with n-type material and 
there is an excess of electrons, We see that 4) must be located nearer to 
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TK 


Electric potential 
8 






n-type, heavily doped 
(2) s-type, moderately doped 
(3) type, lightly doped 

(4) p-type, lightly doped 

(5) p-type, moderately doped 
(6) p-type, heavily doped 
(7) Intrinsic 


Ey 


+ 


Fig. 3-18. Frermi-LEVEL VERSUS TEMPERATURE FOR SEMICON- 
DUCTORS WITH DIFFERENT Kinps AND PERCENTAGES OF 
IMPURITIES. 


f.. In Fig. 8-17(c), we have the same doped semiconductor at a higher 
temperature. In order to keep the number of electrons unchanged, Eo 
must move nearer to the center. A similar situation holds for p-type ma- 
terial except that Hy is now nearer to #,. The impurity states are not shown, 
as they are comparatively very few in number. From the foregoing reason- 
ing, it is not difficult to follow the variations in Fermi-level Zo with tem- 
perature and composition (kind and degree of doping) as shown in Fig. 
5-18. Because the number of states above /, extends to infinity, whereas 
the number of states below £, is limited, the 2 curve of the undoped ma- 
(erial bends slightly downward as T is increased. At T = 0, Z) of all the 
n-type material starts off at some point near #,. As T is increased, Ep 
drifts toward the undoped J curve; and it is slower in drifting the more 
doped the material is. Similar situation holds for the p-type material. 


Seebeck emf. At a p-n junction, in order to have a balance of diffusion 
flow of electrons, the probability of occupancy of a state by an electron at 
the same energy level on two sides of the junction must be the same. Con- 
sequently, 2y is the same on two sides of the junction. 
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Fig. 3-19. Seeseck e.m.f. AND THE CHANGE IN FERMI-LEVEL. 


Figure 3-19 shows the potential diagram of the thermocouple illus- 
trated in Fig. 3-2, assuming that A is made of p-type material and B is 
made of n-type material of the same basic semiconductor. In order to 
examine the Seebeck emf generated, we assume that there is no current 
flow. The Fermi level is lined up at the junctions. As there is a larger 
potential difference at the cold junction than at the hot junction, B2 is at 
a higher positive potential than B,. The open circuit Seebeck emf is seen 
to be 


@pn(T1, T2) = Eop(T'2) — Eon(T2) — [Eop(T1) — Bon(T:1)] (3-77) 


In Eq. (3-77), Eop and Eon are the Fermi levels in terms of electrical po- 
tential rather than energy. The potential variations in the elements them- 
selves are neglected. Inside the same material, the density of charge car- 
riers does not change much from section to section. As there is to be no 
current flow, the potential Z, and Z, must not vary much. 


Differentiating Eq. (3-77) with respect to 7; gives 


0€pn(T1, T2) a dE op (Ti) 4 dEon(T1) 


(3-78) 
ce) T, d UA d T; 


Comparing Eq. (3-14b) and Eq. (3-78) gives the Seebeck coefficient as 


dE oy ( T) bis AE on ( T1) (3-79) 


Spat T\) 7 dT dT 
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Comparing Eq. (3-79) and Eq. (3-25) gives 


dEy(T) 
8,(T) = — caer a 

dEvn(T) (3-80) 
Sr(T) oo ae 


Seebeck coefficient. Equation (3-80) gives a qualitative explanation of 
lig. 3-9. We note that, in terms of positive electric potential instead of 
electronic energy, Fig. 3-18 is upside down, which cancels out the sign in 
Inq. (3-80). For a p-type material, HZ) is a rising curve. Its derivative 
dl/aT is positive and the Seebeck coefficient is also positive. For a lightly 
doped material, Ey rises quickly and also saturates quickly. Consequently, 
d1o/dT has a higher peak value and also drops off at a much lower tem- 
perature. The Seebeck coefficient for n-type material can be explained in 
much the same way, except that, owing to the downward trend of the 
neutral Eo curve, the Seebeck coefficient of the n-type material is sustained 
over a larger temperature range. Thus we have explained all the three 
items of experimental observations on the Seebeck coefficient in Sec. 3-8. 


Peltier Effect. When a current is passed from the p side to the n side, 
electrons pass from the n side to the p side, and holes pass from the p side 
to the n side. Once the electrons get to the p side, they are likely to drop 
into a hole (or rather fill a vacancy in the valence band) since there are so 
many holes available. When an electron drops into a hole, both the hole 
and the electron disappear and energy is released. Similarly, once a hole 
gets into the n side, it combines with one of the electrons and energy is 
released. Therefore, passing positive current from p side to n side results 
in a release of thermal energy from the junction to its surroundings (or to 
the reservoir). If a positive current is passed from the n side to the p side, 
holes must go from the n side to the p side and electrons must go from the 
p side to the n side. On the n side, electrons must jump from the valence 
band into the conduction band in order to create new holes to replace the 
ones which have left. Similarly, more electrons have to jump from the 
valence band into the conduction band on the p side to replace the elec- 
(rons which have left. In order for the electrons to do this, energy must be 
supplied from the environment. Therefore, in passing a positive current 
from n side to p side, energy is absorbed. 


Seebeck Effect in Metals. The large variation of Fermi level in a semi- 
conductor with temperature is due to the presence of a large energy gap. 
by contrast, in a good conductive metal, the Fermi level falls right into a 


104 THERMOELECTRIC ENGINES SEC. 3-11 


dense crowd of energy states and it does not change much with tempera- 
ture. As this effect is now hundreds of times smaller, it becomes of com- 
parable magnitude with another effect, the electric potential or work func- 
tion. The electron theory of thermoelectricity for metals is therefore more 
involved. As the effect is small, however, and not likely to be very useful, 
we shall not go into it. 
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PROBLEMS 


3-1. The thermoelectric power of a certain material A is given as 
S.(T) = (200+ 1) (400 — T) X 107 volt/deg C 
where T is in degrees C. Calculate its Peltier and Thomson coefficients as @ 
function of 7. 

3-2. A certain material B has Sp)(7') = —Sa(7’), and S,(7’) is the same as that 
of Prob. 3-1. The materials are made into a refrigeration engine operating 
between temperatures —30°C and 30°C. Draw a diagram showing the 
direction of electric current and the directions of heat transfer due to thermo- 
electric effects. Calculate the amount of heat absorbed and generated at the 
junctions and in the elements owing to the passage of 10 amp of current for 
an hour. 


3-3. If the external source of emf is replaced by a load and the refrigeration 
chamber is used as a fuel chamber, will the direction of current be reversed? 


Why? 

3-4. A 100-kw, 115-volt thermoelectric generator is to be designed to operate 
between an input temperature of 1500°K and an ambient temperature of 
1000°K. The following properties of material are given: 


Sap at 1250°K = 0.0012 volt/°K 
Ka = 0.02 watt/cem-°K 
pa = 0.01 ohm-cm 
Ky = 0.03 watt/em-°K 
py = 0,012 ohm-em 
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The current density in the thermoelectric elements is limited to 20 amp/cm?, 
and the design is aimed at maximum thermal efficiency. Calculate 


. The maximum thermal efficiency 

. The number of thermal couples in series 
. The sizes of the thermal elements 

. The open circuit voltage 

Input and rejected heat at 

(a) Full load condition 

(b) No load condition 


oR WN Fe 


3-5. A steam turbine and generator unit operating at an input temperature of 
1000°K and an ambient temperature of 350°K has a thermal efficiency of 
30% and a generator efficiency of 92%. What is the over-all efficiency? If 
the turbogenerator is used to utilize the heat rejected in Prob. 3-4, what is 
the over-all efficiency of the combined unit? 


3-6. Assume that the Seebeck coefficient S., is 0.002 volt/°K in the temperature 
range from —50° to +50°C, and the other properties are as given in Prob. 
3-4. Design a single-stage thermoelectric refrigerator which has a cooling 
capacity of 500 Btu per hour at a temperature of —20°C. The ambient 
temperature is 25°C. Allow 10°C difference between the hot junction and 
ambient and between the cold junction and cooling load. The electric source 
has 6 volts. The design is for maximum coefficient of performance. Calculate 


1. Coefficient of performance 

2. The number of thermal couples in series 

3. The sizes of thermal elements 

4. The current required to keep the cooling load at —20°C. (That is 
the thermoelectric cooling is just sufficient to balance its own boas 
duction and 7? loss.) 


3-7. Show that, for a refrigeration engine or heat pump, 
(“) meh lee et 
Qi max T:Mo i T2 
3-8. Show that, for a two-stage refrigeration engine operating between tempera- 


tures T;, To, and T2, T; respectively, the optimum over-all thermal exchange 
ratio is 





Qs _ (ae naa — =) 
Qi T:M) — To/\T.M 6 — Ts 


Assume that Mo remains the same for the two stages and 7» can be freely 


chosen. Show that 
(*) = (“ ad ") 
O17 max r— Mo 





where re 4/14/77}. 
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3-9. Could the result of Prob. 3-8 be generalized to n stages? If so, show how. 


8-10. A refrigeration machine is designed for 500 Btu per hour at —100°C. The 
ambient temperature is 25°C. The best available material has a figure of 
merit 7\,2 = 3. Calculate the least input power required if the refrigeration 
engine is to be one-stage, two-stage, or three-stage? 


3-11. A thermoelectric heat pump is used to extract heat from 0°F weather to 
heat a home at 70°F, and the figure of merit of available material is assumed 
to be 7,2 = 2.5. What is the maximum percentage savings in electric power 
consumed compared to direct electric heating? 





CHAPTER FOUR 


THERMIONIC CONVERTERS 


The thermionic effect was first discovered by Thomas Edison about 1880. 
‘Though its significance escaped even Edison at the time, it was one of the 
fundamental discoveries which made radio engineering what it is today. 
‘The thermionic effect has been given serious consideration as a means for 
converting thermal energy into electrical energy only during the past few 
years. Two essential difficulties are in the way of making thermionic con- 
verters efficient: the space-charge effect and the radiation of heat. Today, 
these difficulties are only partially overcome. 

This chapter gives an analysis of the scientific effects involved and also 
presents equations for designing and predicting the performance of therm- 
ionic converters. 


4-1. GENERAL DESCRIPTION 


‘Thermionic emission can be utilized to convert heat into electricity. The 
basic elements of such a device are illustrated in Fig. 4-1. A hot cathode 
emits electrons which travel across a narrow gap to a relatively cool anode. 
If the cathode and anode are connected externally, the electrons collected 
on the anode return to the cathode through the external circuit. Thus an 
electric current ¢ is established, as shown in Fig. 4-1. If a load is inserted 
in the external circuit, a potential difference is developed across it with the 
signs as indicated. Insofar as the external circuit is concerned, the cathode 
is the positive terminal and the anode is the negative terminal of the therm- 
ionie generator, 
107 
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The potential V tends to retard the flight of electrons from cathode to 
anode. The electrons emitted from the cathode have various initial veloc- 
ities in the direction x of the anode. Let v, denote this component of veloc- 
ity. When V is increased, it takes electrons with larger vz to reach the 
anode. As fewer of the emitted electrons possess the required v,, 7 is de- 
creased with increased V. Thus, the voltage output of the generator is 
limited by the initial velocities of the electrons. 

On the thermal side, heat is supplied to the cathode to compensate for 
the energy taken by the emitted electrons and for loss of heat from the 
cathode due to radiation, convection, and conduction. Generally, the diode 
is of parallel plate construction, as indicated in Fig. 4-1. As the external 
surface of the cathode is entirely used for transfer of heat Q, from the heat 
source to the cathode, the afore-mentioned loss of heat from the cathode 
is mostly transferred to the anode. It must be removed in order to keep 
the anode temperature from rising too high. With a high anode tempera- 
ture, the anode also emits electrons toward the cathode and the net current 
z is reduced. 

From the preceding description, we see that a thermionic engine follows 
exactly the general format of a heat engine: Thermal energy is applied to 
it at a high temperature; part of this energy is converted to work (electrical 
energy), and the other part is transferred away at a lower temperature. 


4-2. A REVIEW OF THERMIONIC EMISSION 


In order to predict the performance of a thermionic engine, it is necessary 
to have some familiarity with the basic facts about thermionic emission, 
which are summarized in this section. 


4-2a. WORK FUNCTION 


Electrons move freely inside a metal but rarely escape from its surface, 
One may wonder what is the nature of the force that keeps the electrons 
from escaping. 


The answer is readily found in the familiar image force of electrostaties, 
Referring to Fig. 4-2, as soon as an electron with charge —e has escaped 


from the metal surface, positive charges are induced on the latter. The 
total effect of the induced charges is the same as that of a positive charge 
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Metal Vacuum 


Image Electron 
‘\ 





+ 





(7) 
f, 


Fig. 4-1. A THermionic ConverRTER or Fig. 4-2. Imace PorenTIAL-THE ORIGIN 
Heat to EvecrricaL ENERGY. or Work Function. 


e at the same distance x inside the metal surface. Consequently there is a 
force F pulling the electron back to the metal: 


e2 


PF 





167e9x? Sa 
Since the approximation of the metal surface by a smooth plane breaks 
down when the electron is too close to the metal surface, Eq. (4-1) is not 
expected to hold for values of x less than the spacing of the atoms. 

The equivalent potential of the work required to pull an electron free 
from a metal surface is called the work function, and is denoted by %. To 


check the validity of our explanation, let us assume the following crude 
model of image force: 


F = 0, nieces 


ee a ee a (4-2) 


‘Then 








; oo) e e2 
eh = / dz = 
wv, LOmeqx? 16me9x1 


C 
et 





lGreory (4-8) 
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The work function for tungsten is 4.52 volts, which corresponds to a value 
of is 

e 102) S105 
+ Tred 164 X 1/364 X 10 X 4.52 


It is of the order of magnitude of the distance between two atoms. 

From a phenomenological point of view, we may regard the work func- 
tion ® as a drop in electric potential at a point “outside”? a metal surface 
relative to a point inside the metal surface. There is no need to specify 
how far outside. The smallest distance of practical interest is of the order 
of 10- m. Even at this close proximity, the change of electrical potential 
due to image force is only 3.6 X 10-4 volt which is quite negligible in com- 
parison to the usual experimental error of about 0.01 volt in measured 
work function. Thus one may represent the work function as a step change 
in potential at the metal surface. 


= 0.79 X 10~” meter 








x 


4-2b. ENERGY DISTRIBUTION OF ELECTRONS INSIDE METAL 


In electrostatics, we like to say that the potential at a certain conductor 
is ~. What we mean is the following: (1) A charge e on the conductor 
possesses an energy eg. (2) If a conductor of higher potential is in contact 
with a conductor of lower potential, positive charge will flow from the 
former to the latter until the two potentials are equalized. 

With our present-day knowledge of conductors, semiconductors, etc., 
the foregoing simple picture must be modified. The electrons occupying 
any minute part of a conductor are distributed over a wide range of energy 
levels. Thus the concept of “energy possessed by an electric charge” be- 
comes vague. The potential at a conductor, however, can still be precisely 
defined as its Fermi level in the sense of Statement 2. If two conductors 
of equal Fermi level are brought into contact, the net exchange of charge 
between the two conductors is zero. 

As discussed in Sec. 3-11, there are infinite number of states in a solid 
for electrons to occupy. Each state has its assigned energy. The states are 
crowded into allowed energy bands (valence band, conduction band, ete.) 
with wide gaps or forbidden bands in between. A metal differs from an 
insulator or a semiconductor in that its Fermi level falls in an allowed 
band rather than in a forbidden band. 

Since there are infinitely more states than the number of electrons 
available to occupy them, only the lower energy states are filled or nearl 
filled. The higher energy states are rarely occupied, The probability that & 
state of energy / is occupied is given by the Fermi factor of Eq. (2-89), 
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If H — Ey > kT, Eq. (2-89) becomes 


f(£) = e—(E—Eo)/kT (44) 


Equation (4-4) shows that the states with E — FE, > kT are rarely oc- 


cupied, and the probability of their occupation d i 
Ipiec ecre 
with increasing EL. Z aT daca 


4-2c. RICHARDSON’S EQUATION 


If an electron arrives at the metal surface with a normal velocity Un (the 
velocity component in the direction of the normal) satisfying 


Deb 
un > «4/— a 
7 (4-5) 


it escapes from the metal or is “emitted.” If Eq. (4-5) is not satisfied, the 
electron is pulled back by image force into the metal. 


| By calculating the number of electrons arriving at the surface with 
sufficient vn, the thermionic current density is shown to be 


Jo = AT%-e8hT (4-6) 


Mquation (4-6) is known as the Richardson-Dushman equation. Theoreti- 
cally, Aisa universal constant 1.20 & 10° amp/m?. The measured values 
of A and ® are given in Table 4-1. The discrepancy between the experi- 


TABLE 4-1 
THERMIONIC Emission ConsTANTSs 


A (in amp/m?; 


Metal ® (in volts) very approximate) 

Cr 4.60 
, 0.48X 10° 

Cs 1.81 
S 1.9-2,46 rae 

te) 4.20 
Na 2.5 ae 
Ni 4.61 0.30 
Pt 5.32 0.32 
Ta 4.19 0.55 
Ww 4.52 0.60 
Th— W 2.63 0,08 
BaO +> SrO (Oxides) 1,03 1o~ 
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mental and theoretical values of A is owing to the way A is determined 
experimentally. The work function is assumed to be independent of tempera- 
ture, and the surface of the cathode is assumed to be homogeneous. As a 
matter of fact, we know that the surface cannot be homogeneous, because 
of the crystalline structure of metal, and that the work function & generally 
increases with 7. As the formula fitting is done on the erroneous assump- 
tions cited, the errors are absorbed in measured value of A. For instance: 
b= G&+57T+°° 
Then, 
Jo = AT? eePolkT e—ebilk 
The entire constant factor is the measured value of A: 
Al teas = Ae~erlk (4-7) 
Although the experimental evidence of Table 4-1 appears to contradict 
the theoretical result that A is a universal constant, it is explainable in 
terms of Eq. (4-7). On the other hand, if A were different for two differen 
metals, we should be able to break the second law of thermodynamics, ag 


we shall see shortly. 


4-2d. ENERGY DISTRIBUTION OF EMITTED ELECTRONS 


The forward velocities of emitted electrons are distributed over a wi 
range. Let E, denote the forward kinetic energy in electron-volts 


Eu —v (4-8 
2e 


The fraction of J having forward kinetic energy in the range E, to Hy 
dE, is obtained from Eq. (4-4) as 


J 
dy = — e-Fal*? dE, (4-9 
kT 


Example 4-1: What value of 4 would account for the difference betwee 
the experimental value of A = 0.60 X 10° for tungsten and the theoreti 


value of 1.20 X 10°? 


SotuTion: Equation (4-7) can be written as 


= 8.616 X 10-° X 0.693 





k 
6, = —log 
é 


mone 


= 5.97 X 10“ ev/°K 
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The answer shows that the cha i 
nge in work f ion is sli 
for a temperature change of 1000°K. CRORE ae SABRE SOVEE BY 


Example 4-2: At a cathode 
: temperature of 2200°K, what fracti 
emitted electrons has a forward kinetic energy of 1 ev . more? ae a 


Souution: Integrating Eq. (4-9) gives 


f 24 ‘6 Jove pall 
2 — ” LT eH kT QE, = Jye-eV ik? 
Let V = 1 volt. Then, 
Jieev —11,6 
age Ce a ee ey 


Only slightly over 4% of the el ote 
volt, Geeumie 270 e electrons has a forward kinetic energy of 1 


4-3. ANALYSIS OF A HIGH-VACUUM THERMIONIC CONVERTER 


Se oe ga the simple thermionic diode of Fig. 4-1 is placed in 
’ ner of high vacuum. The space between the 

om anode and cath i 
occupied only by electrons in transit. We shall analyze its BAS 8 a 


the following order: potenti Shri es 
efficiency. potential distribution; net current; power and 


4-3a. POTENTIAL DISTRIBUTION 


ae pie a distribution of the thermionic diode is illustrated in 
Aah ae ere is a potential difference V) between the Fermi levels of 
Fe: rea and anode owing to voltage drop V across the load, Seebeck 

*t of the external conductor, and 7R drop in the external conductor: 
Vo=V+iR — S(T; — T:) (4-10) 


where S = Seebeck coefficient of external conductor 
? 


= 
ll 


cathode temperature, 
7. = anode temperature. 


If the exte } stor i 
soci ea conductor is p type or thermoelectrically positive, its See- 
aan em z nds 2 cause a positive current to flow into the anode at the 
‘old junetion, Therefore the thermionic ial i inl 

las he t » potential is re 0 
Socbeck emf, as is expressed in liq. (4-10), oo ihe lla 
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At the surfaces of the electrodes, the 
electric potentials drop by ® and %, 
respectively, where ©, is the work E 
function of the cathode, and @, is the ~~ 
work function of the anode. Because of 
space-charge effect, the electric po- 
tential ¢ between the two electrodes is E 
. . ‘Pp 
not a linear function of x but concaves 
downward, as is shown in Fig. 4-3. The 
space-charge effect increases the maxi- 


i 
cathode | Gap 
lemel ob 

| 
| 
| 


b<—— @ 


mum negative potential between the \ 
electrodes from —(Vo + ®.) to — Ep. \ 
It reduces the thermionic current by ae ee ee 


Fig. 4-3. Exvecrric PorentiaL Dis- 
TRIBUTION INSIDE A THERMIONIC 
CoNVERTER. 


repelling all electrons which have a 
forward kinetic energy less than 
e(EH, — &). 

Obviously, Z, increases with the spacing between the two electrodes: 
In order to reduce E, to tolerable value, it is found that the spacing should 
be of the order of 10-4 in. Although experimental thermionic diodes have 
been made with such close spacing, it is by no means an easy thing to do, 
It constitutes a serious limitation in the usefulness of high-vacuum diodes, 


4-3b. THERMIONIC CURRENT, 7; >T: 


To begin with, let us assume the anode to be sufficiently cold so that the 
thermionic current emitted from it is negligible. Among the electrons 
emitted from the cathode, only those with a forward kinetic energy Es 
equal to E, — ©, or larger succeed in reaching the anode. The less energeti¢ 
ones are repulsed back to the cathode by the space-charge potential and 
do not contribute to the net flow of current. Referring to Eq. (4-9), the 
net electron current density from cathode to anode is given by 


“ey Joe 
iis e-eEslkT: dE, 
Epo. KT; 
= Jo et Fr-Bo kT 
As Jo = AT} e-tel*r1 


the above equation becomes 
Ip = ATI Cn (4-11) 


An interesting point about Eq. (4-11) is that J; is independent of the cathode 
work function ®,. ; 
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Loe 


Log u, 





0 Yoo YM 


Fig. 4-5. Current Densrry as a Func- 
TION OF OuTPUT VOLTAGE. 


Fig. 4-4. Execrric Porentra, Disrrt- 
BUTIONS FOR DIFFERENT OvuTPpuT VoLrt- 
AGES V, 


Now let us investigate the variation of J; as Vo is varied. Figure 4—4 
illustrates the change in potential distribution between the electrode 
The five levels of Vo are in one-to-one correspondence with the fi d 
points of the potential distribution curves. At the level marked 3, d ve id 
0 at the anode surface, and the peak negative potential — ; Ri oni 
with the anode potential —(V ) + ®o.). This value of V, Ss agtae ae 
critical voltage and is denoted as Vo. For Vo > Voc faces I and 2) is 
lowest electric potential is —(Vo + oa). For Vo e Voe (curves 4 and 5), 
- potential minimum — #, occurs somewhere between the two electrodes, 
igure 4-5 illustrates the change in current density with Vo. We recall E ; 
( 4-11) which shows that log J; varies linearly as Z,. For v, > Vo, EL. . 
Vo + Su, and log J; decreases linearly. For V) < Vue, while F, decresses 
us Vo is decreased, E,, does not change as much as Vo. Conse ne ers 
uf also tends to level off. The point of maximum output bate at . ie 
of Vo somewhat below Vo, for instance, level 4 in Fig, 44 ae: 


Another aspect is the variation i 
aspec of J; with the spacing betw: - 
trodes, A universal equation gives this relation as [4] : ee a 
Vi? 


2 
p 





J; = 9.664 X 10-*—— amp/m? (4-12) 


where a, i , 
@ a is the distance from the cathode to the potential minimum in 
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meters, and Vr is the voltage equivalent of cathode temperature: 
2 


ee (4-13) 


In deriving Eq. (4-12), it is assumed 
that E, — &, is at least four or five 
times larger than Vr. The remarkable -b,--- 
point about Eq. (4-12) is its entire 
independence of HZ, and %,. Physically, 
this is fairly easy to see. Given Vr c2 
and Ji, E> is implicitly given because 
of Eq. (4-11). Figure 4-6 illustrates 
the variation of ¢ about the potential 
minimum point. The curve is not 
symmetrical because the electron den- 
sity is far greater on the cathode side. : 
Given any ®,, a point P is located on fp == 
the g curve and za is determined as 
the horizontal distance ee Je oe 
potential minimum. As t e electron SEM 
bageeecdl ee ey rd Staats ey 
ay AT: 
to a pete vertical attitude. The i EN Bony 139 
change in za is negligible for a sub- 
stantial change in g from — ®_1 to — Pre. 

Although q is not the full separation between the two cece a 
for Vo = Vo., it nevertheless gives an indication of the latter. The nee 
close spacing is illustrated in the following example: 





Example 4-3: A thermionic diode is to be designed for a current density 
of 1 amp/cm? at the critical point, Vo = Vo:. The operating temperature 
is 2500°K. Calculate E, and the spacing between electrodes. 


SoLution: Equation (4-11) gives H, as 


1.2 X 10° X 2500? 


8.616 X 10-* X 2500 log 10! 


0.2154 log 750 X 108 = 0.2154 * 20.4 
= 4,32 volts 
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Equation (4-12) gives 





0.21545/ 
x, = 9.664 X 10-5 x i = 9.664 < 10-#! 
Lp = 9.83 X 10-*'m 


4-3c. THERMIONIC CURRENT, T, ~ T; 


When 7; is sufficiently high, the thermionic current emitted by the anode 
is no longer negligible. The net current density becomes 


fs = Ji aes Je 
= AyTje~BelkT1 — A, [3e—e(Er—Vo) kPa (4-14) 


Thus the thermionic current density is lowered by the second term. Another 
effect implicit in Eq. (4-14), but nevertheless just as important, is the 
increase in magnitude of HZ, due to increased charge density. A larger Ey 
further reduces the current in either direction. 

Equation (4-14) also shows why A is a universal constant. If A, # Ag 
and Vo = 0, J» does not vanish at 7, = 7». It isa routine matter to show 
that with some slight Vo, electric power is delivered to the external load. 
Thus heat from a single reservoir with 7 = 7; = T2is converted into elec- 
tric energy, a result which contradicts the second law of thermodynamics. 

Therefore, in calculating J, for very small temperature difference 


1, — T2, we use a single constant A for A; and A, in Kq. (4-14). 72 can 
be expressed as 


T. = T; = AT 
and Vo itself can be regarded as a small variation. Let 
f(T, V) = AT%e-evieT (4-15) 


Then 
Jn = f(Ti, Ey) — f(T: — AT, Ey — Vo) 
= fr(T1, Ey) AT + fr(Ti, Ep)Vo (4-16) 


where fr and fy are partial derivatives of f with respect to T and V. These 
derivatives can be readily evaluated as follows: 


V 
log f(7, V) pe log A + 2 log T — = 
Af 2A7 eVAT eAaV 


— — —— 4-17 
ae ae pea 
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Let Vr denote kT/e. Since Ji is equal to f(T, Ep), Eq. (4-17) gives 


in Ty, By) = (2+ 22) = 

T 1) Ey ea Vr T 
Ji 

fr(Ti, Ey) = sags 


Substituting the preceding expressions into Eq. (4-16) and rearranging 
terms, we obtain finally 


Sa (4-18) 





Vy = (2Vr + E,) ee ene 

phic’ SITES» 
Equation (4-18) illustrates the similarity between a thermionic diode and 
a source of emf with an internal impedance. 


4-3d. LOSS AND EFFICIENCY 


The thermal input into the cathode consists of two essential components: 


1. Energy carried away per second by emitted electrons, ¢e 
2. Energy lost per second due to radiation, q, 


We shall evaluate q. first. If an electron is emitted and later repelled 
back to the cathode, it brings back as much energy as what it has left with, 
and no change of energy takes place. Only electrons which succeeded in 
reaching the anode are energy conveyers. The average forward kinetie 
energy carried away by each electron is 


ie ee eBzlkT1 dH, 
_ E, 


ek, = os: 
i e-FalkT: dE, 
E. 


E 
= kT; (= % 1) = eH, + kT; (4-19) 
kT 


Since the average kinetic energies in the y and z directions are kT,/2 each, 
the average energy carried away by each electron is el) + 2k). Similarly, 
the average energy carried to the cathode by an electron emitted from the 
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anode is eH, + 2kT». Therefore, 


si Jy J» 
were (eHy + 2kT;) + ma (eHy + 2kT2) 


2k 
= JE, + Py (iT, — JoT.) (4-20) 


The energy lost per second due to radiation is 
Qe ECT — 75) (4-21) 


where F is the Stefan-Boltzmann constant 5.67 X 1078 watt/m?(°K)4, and 
vis a constant less than unity. Its value depends on the absorption co- 
efficients of the surfaces of the two electrodes. 


Including the exte ircui ; 
sgl Rr rnal circuit, the total output, input, and efficiency 


W = iW = i(Vo + S(T, — 72) — iR] (4-22) 

a= ST, + K(T% — T:) +a+a (4-23) 
Ww 

ee (4-24) 


where S, R, and K, are the thermoelectri i 
; ctric power, electrical resi 
thermal conductance of the external conductor. Bes a 


4-3e. FIGURE OF MERIT 


When 7; — T? is small, 


3 2k 2k 
ge = Ing + — (Ji — Je) Tr + — I(T, — Ts) 
é é 
im A 
= Jn(E, + 2Vr) + 2rd; ae (4-25) 
Ly 
Qr = 49F Ti AT (4-26) 


The total input to the thermionic diode itself is 


WVrd 
7 





Qe + gr = Jn( By + 2Vr) + (wer + ) AT (427) 
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Equations (4-18) and (4-27) illustrate the close resemblance between a 
thermionic diode and a thermoelectric element. In fact, we can consider a 
thermionic diode as a thermoelectric element with the following parameters: 





1 
Sea 7, (E, + 2Vr) (4-284) 
1 
Vr 
Yale (4-28b) 
Jic, 
VrJi 
K= (498 Ti+ )o. (4-28¢) 
nt 


where o, is the emission area. The figure of merit 6 = 7T'S’/RK can be 
calculated as a function of cathode temperature. Assuming negligible space 
charge effect, E, is simply the anode work function, and 6 can be written as 
@/Vr) +2) 
pu See eS (4-29) 
[(49FT1)/Vrdi] + 2 

Equation (4-29) can be simplified as follows: 

vFT} vFT4 

Verdi VrA T eer 


a) Fr) Ge) 
eile, (le tee Ee 
Ao \k A ® 


Vr 


6.36 X 10~*p ( rs ) CN (4-30) 





where p = »®A)/A is a constant of the metal. Combining Eq. (4-29) and 
Eq. (4-30), we note that @ is a function of V7/ with p as parameter. The 
calculated result is plotted in Fig. 4-7. 


Example 4-4: A high-vacuum thermionic diode is made of tungsten elec 
trodes. The areas of the electrodes are 4 em? each and the spacing between 
the electrode is sufficiently small so that space-charge effect can be nege 
lected. Calculate the open-circuit voltage Vo, and internal impedance /t; 
at a cathode temperature of 2500°K and anode temperature of 2400°KK, 


Sotution: Neglecting space-charge effect, 
E, = @ = 4,52 volts 
2500° IK 


= ——_—- = 0,215 volt 
11600° 1K /volt ; 
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Vy/ 


Fig. 4-7. Toe EquivaLtent Figure or Merit 6 = 87/KR 


or A THERMIONIC CONVERTER VERSUS V7/®, with p = v®A,/A 
AS PARAMETER. 


rom Eq. (4-18), an approximate calculation can be made: 


AT 
(2Vr + E,) — = (0.215 X 2 + 4.52) x Bt 
T; 2500 


ll 


Voc 


0.198 volt 
Ji = 0.60 X 108 & 2500? e-4:52/0.215 
= 3.75 & 10!2 X& 1()-0-484x4.52/0.215 
= 3.75 X 10% X 10-2 = 2840 amp/m? 
Vr 0.215 


R= — = ae 
Jw 2840 & 4 & 104 





0.189 ohm 
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Example 4-5: For the diode of Prob. 4-4, assume v = 0.01 and calculate 
its figure of merit. 


So.ution: From Eq. (4-28), Eq. (4-29), and Eq. (4-30) 
= ae (0.215 X 2 + 4.52) = 0.00198 
2500 


R = 0.189 ohm 
2X 0.215 X 2840 
2500 
(35.4 + 0.49) X 4 X 10-4 = 0.0144 watt/°K 
2500 X (1.98 X 10-*)? _ 
~ 0.189 X 0.0144 


K ) x 4x 10-4 


(4 X 0.01 X 5.67 X 10-* XK 2500? + 


3.6 


4-4. THE GASEOUS DIODES 


From the discussion of Sec. 4-3, we see that, although the performance of 
thermionic diodes is promising, it is quite difficult to achieve the required 
close spacing of the electrodes to realize such good performance or even 
tolerable performance. One way out of this difficulty is to use ionized vapor 
to neutralize the space charge, and the gaseous thermionic diode is ob- 
tained. We shall study the gaseous diode in the following order: 


1. Supply and ionization of gaseous atoms 
2. Control of the density of ions 

3. Voltage, current characteristics 

4, Input, efficiency 


4-4a. SUPPLY AND IONIZATION OF THE GASEOUS ATOMS 


Just like thyratrons, the gaseous thermionic diodes derive their ionized 
molecules or atoms from metallic vapor. Cesium is most frequently used 
because it has relatively low ionization energy as well as work function, 
The advantage of a low work function can be explained as follows: Because 
of the low temperature of the anode, a thin layer of the vaporized metal is 
deposited on the anode surface. As the work function is a surface effect, 
the anode work function ®, is that of the deposit rather than that of the 
host. metal, ; 
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Fig. 4-8. PorentiaL ENercy Distripution AND ENERGY 
LEVELS oF AN ATOM IN Conrract WITH THE CATHODE. 


The ionization can be accomplished in three ways: 


1. Ionization by thermal agitation in an externally heated arc 

2. Ionization by auxiliary discharge, in other words, by collision with 
electrons which have been accelerated electrically to a sufficiently 
high speed 

3. Ionization by resonance 


lor the present application, the third method is by far the simplest and 
the most efficient. We shall explain its mechanism presently. The electronic 
energy levels of an atom in contact with a metallic surface is illustrated in 
l'ig. 4-8. In terms of electric potential, the diagram is upside down, in the 
sense that the electric potential is increasingly negative in the upward 
direction. At the energy range we are considering, the electronic energy 
levels inside the metal are so closely packed that they can be considered 
continuous. These energy levels are not shown explicitly. The energy levels 
above the Fermi level are nearly empty whereas the ones below are nearly 
full. Even in seeming “contact,” the atom is still at some atomic lengths 
away from the metal surface, and the “image force” we discussed in Sec, 
4-2 gives rise to a potential barrier between the metallic electrons and elec- 
trons of the atom, The atomic energy levels are discrete. Those occupied 
by electrons are shown in solid horizontal lines; the unoceupied ones are 
shown in broken lines, The top reference line corresponds to the energy of 
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an electron at infinity. HZ; is the ionization potential of the atom, and © is 
the work function of the metal. The first occupied energy level of the atom 
is at an energy eH; below the reference line, and will be referred to as energy 
level (1). 

If 6 > £;, energy level (1) is above the Fermi level, and there are many 
unoccupied metallic energy levels of about the same energy. In classical 
mechanics, an electron at energy level (1) cannot possibly penetrate the po- 
tential barrier and arrive inside the metal. In quantum mechanics, how- 
ever, a large potential barrier means simply a small coefficient of coupling, 
and the energy levels at two sides of the barrier are similar to high Q 
resonant circuits. If the natural frequencies of two resonant circuits are 
the same, a signal can be transferred almost fully from one to the other 
even if the coefficient of coupling is very low. Similarly, in quantum me- 
chanics, an electron has a high probability of penetrating a potential barrier 
to occupy a level of the same energy on the other side. Thus the gaseous 
atom loses its electron and becomes ionized. 

If & < E,, energy level (1) is below the Fermi level. The metallic energy 
levels of approximately the same energy are fully occupied and cannot 
possibly admit another electron. Thus ionization does not take place. 

From the foregoing discussion, we see that the essential condition for 
resonance ionization is ® > E;. This relation is fully satisfied with a tung- 
sten cathode and cesium vapor. The work function for tungsten is 4.52 
volts, and the ionization potential of a cesium atom is 3.89 volts. 


4-4b. CONTROL OF THE DENSITY OF IONS 


We next ask how many ions are needed? Obviously, in order to neutralize 
the electronic charge, the density of the positive ions should be the same 
as the density of electrons in transit. This, however, does not mean that the 
current 7, carried by the positive ions should be the same as the current 
T, of the electrons. Assuming identical densities, 

PE 

== — (4-31) 

Ie vz, 
where d;, and v;, are average forward velocities of the ions and electrons, 
respectively. Since the gas atoms reach the same temperature 7, upon 


contact with the cathode before they are ionized, we have 


aa 8 
FMpdz, = FMdz, 
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where m, and m, are the masses of the ion and the electron respectively. 


Equation (4-31) becomes 
Ey _ |e 4 
I. = (4-32) 


Assuming cesium vapor is used, the positive ion current is only a fraction 
of 1% of the électron current. 

In order to supply this stream of positive ions, the required number of 
collisions of gas atoms on the cathode is at least J,/e per second. Let n, 
denote the density of gas atoms. The number of collisions per second is 
Ngvyo-/4, where v, is the average velocity of a gas atom. Using these rela- 
tions, the minimum density n, is obtained 
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(4-33) 
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We note that the temperatures of the gas atoms and the positive ions are 
definitely not the same. The positive ions have just been in contact with 
the cathode and have the same temperature as the latter. The gas atoms 
are of a considerably lower temperature, 7',, and %, is proportional to 
VT. Since the vapor pressure p, is proportional to n 7’, Eq. (4-33) 
can be written as 


Po = KyV TJ (4-34) 


lor cesium vapor, the proportionality constant K, is 4.12 X 10-* mm of 
H,/°K*? — amp/em?. 

Equation (4-34) gives the minimum required vapor pressure. The 
performance is little affected, however, as long as p, stays within a few 
times this minimum value. If n, > n., a positive space charge is built up 
which tends to repel newly formed positive ions back to the cathode. Since 
the resonance phenomenon works both ways, there is a definite probability 
of a returned ion’s regaining its lost electron. Thus, the fraction of ionized 
atoms is reduced until a balance in space charge is reached. 

One neat way of controlling p, is by control of the anode temperature. 
Since the gas atoms are partially condensed and deposited on the surface 
of the anode, p, is simply the vapor pressure at 7’), Using this relation and 
Iq. (4-84), the proper anode temperature can be determined as a function 
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Fig. 4-9. Tae Maximum Current Denstry, J:, AnD Mian 
Free Para, A, or ELecrrons versus Vapor TEMPERATURE. 
(Reprinted from K. G. Hernquist, M. Kaneksky, and F. H. 
Norman, “Thermionic Energy Converters” RCA Review, Vol. 
19, No. 2, June 1958, pp. 244-258.) 


of J.. For cesium vapor, this relation is plotted in Fig. 4-9. Also plotted 
in Fig. 4-9 is the mean free path \ of electrons for the various vapor tem~- 
peratures. It is noted that with a spacing between the electrodes of about 
1 mm, the probability of collision of an electron in transit is very low. 


4-4b. VOLTAGE, CURRENT CHARACTERISTICS 


Due to the absence of appreciable space-charge effect, the potential dis- 
tribution in a gas diode is that shown in Fig. 4-10. If da + Vo < ®,, all 
the emitted electrons from the cathode are absorbed by the anode, If 
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TRIBUTION INSIDE a GasEous Diopp. Current anp Ourpur Vourace, or A 
Gasrous Diopn. (Reprinted from K. G. 


Hernquist, M. Kanefsky, and F. H. 
Norman, ‘‘Thermionic Energy Con- 
verters” RCA Review, Vol. 19, No. 2, June 
1958, pp. 244-258.) 


®, + Vo > &., only the electrons with sufficient forward kinetic energy 
succeed in reaching the anode. Therefore, the relationship between J and 
Vo is that shown in Fig. 4-11. The output current J is a constant J 1 up to 
V,, and then drops exponentially where 


Vi = , — B, (4-35) 
and 


=I. — Ip = oJ e(1 — Vm./m, ) (4-36) 


Here J, is the thermionic current density A Tie-**-/*T1, The foregoing ex- 
pectations agree very well with experimental results. For a gas diode with 
tungsten cathode and cesium vapor, 


Vi = 4.52 — 1.81 = 2.71 volts 


Experimental measurements show that J begins to drop as the load voltage 
exceeds 2.5 volts. The difference of 0.2 volt is accountable as the Seebeck 
emf of the external conductor, since most metals have negative thermoelec- 
tric power S. 


4-4c. LOSS AND EFFICIENCY 


The thermal input into a gas diode is essentially the same as that of a 
vacuum diode, The additional energy loss for ionizing the gas atoms is 
quite negligible because the required number of such ionizations is less 
than 1% of the number of electrons emitted. The heat convection due to 
gas atoms is also very low because the number of collisions with the cathode 
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Fig. 4-12. ErricteNcy AND Evaporation Rate or THE TUNG- 
STEN CATHODE OF A D1opE CONVERTER. 


is of the same order of magnitude as the number of ionizations unless the 
vapor pressure (or anode temperature) is unduly high. 

Because of the low anode temperature, the electrons emitted from the 
anode and the heat radiated from the anode are both negligible. Equations 
(4-20) and (4-21) become 


de J e(& + 2V7r) (4-37) 
qr = vFT} (4-38) 


Neglecting heat loss and Seebeck effect due to the external conductors the 
total input is oe(qe + qr). The output power is maximum if V = Vy, 


Therefore, 
Wm eyed, (1 - \) (4-39) 
My 
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The efficiency is 
W mH (@. — Ba) (1 — Vm./my, ) 
oe(Ge + Gr) &, + 2V7 + pF TA VT 


(4-40) 


where Vr is kT,/e. The efficiency for a tungsten-cesium vapor diode is 
plotted in Fig. 4-12. It is noted that the efficiency increases with cathode 
temperature. As the cathode temperature becomes higher, however, the 
rate of evaporation of the cathode material also rises rapidly. A compromise 
between operating life and efficiency must be made. As a reminder of this 
fact, the rate of evaporation of tungsten is plotted as a dashed curve on 
Fig. 4-12. 


4-5. THE MAGNETIC TRIODE 


Another way of overcoming the space-charge effect is by use of auxiliary 
acceleration and magnetic deflection. Referring to Fig. 4-13, the accel- 
erating plate is connected externally to a high positive voltage source, and 
a strong magnetic field is applied in the perpendicular position (pointing 
into the paper). An emitted electron is first accelerated by the electric 
field and then bent toward the collector by the magnetic field. Assuming 
no collisions, while the voltage on the accelerating plate is high, no electron 
can reach it and consequently there is no current drain. As the kinetic 
energy of the electrons is high except at the beginning and end of their 
journeys, the space charge does not have much effect on their path. 


Accelerator 





(1) Normal course 
(2) Collision with another electron 


Fig, 4-18. A Maaneric Dione ann TyricaL Parns or 
Diwernona, 
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The method is limited to a low current density because of the collision 
of electrons in transit. When two electrons collide, one of them is likely to 
be deflected toward the accelerating electrode. Thus there is a current 
drain in the high-voltage circuit, and the magnitude of this current is 
approximately proportional to the square of the emission current. The loss 
due to the current drain on the high voltage source prevents the magnetic 
diodes from being practical. 
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PROBLEMS 


4-1. A high-vacuum type of thermionic converter has the following data: 


Spacing between electrodes = 0.0015 cm 
@o = 2.4 volts for both electrodes 
Operating temperature = 2400°K (cathode) 
450°K (anode) 
Cathode and anode area = 2.5 cm? 
Calculate: 


(a) Current at critical output Vo. (Fig. 4-5) 
(b) Ep 
(c) Critical output voltage Voc 
4-2. In Prob. 4-1, 
(a) If the output voltage Vo is 
Vo = Voc + 0.5 volt 


what is the output current? 
(b) Assume that the current is double its critical value with Vo = Voo — 0.2 
volt, determine the new values of x, and Hy. 
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4-3. The measured voltage vs. current values of a thermionic diode are given 


below: 
Vo (volts) I (amperes) 
1.5 55 
2.0 10.0 
2.5 0.5 
3.0 0.025 


bi is the operating temperature of the cathode, assuming the anode to be 
co 


4-4. A certain metal is used for both the anode and cathode material in a high- 
vacuumatic thermionic diode: 


v= 0.01 
® = 3.75 volts 


(a) Calculate its figure of merit at 7 = 1500°K, 2000°K, and 2500°K; 
assume no space-charge effect. 

(b) Calculate its efficiency when Teathode = 2000°K, Tanode = 1000°K, 
for Vo = 0.5, 1, 1.5, 2 volts. Assume that space charge is negligible. 


4-5. A high-vacuum diode gives the following data: 


Area of electrodes = 14 cm? 
Spacing of electrodes = 0.002 cm 
Measured voltage current data 


Vo v4 
0.5 10 
1.0 2 
1.5 0.2 
2.0 0.02 


Determine: 


(a) Cathode temperature 
(b) Critical output voltage Voc. 


4-6. A high-vacuum diode is made with the following material: 
Cathode W 4, = 4.52 
Anode A , = 2.60 


What is the open circuit voltage between cathode and anode if 7, = 2800°K 
Ta = 1150°K? Noglect space charge. 


132 THERMIONIC CONVERTERS SEC. 4-5 


4-7. A cesium diode is made with the same anode and cathode material as in 
Prob, 4-6 (®,- = 1.81 volts). Determine as closely as you can the output 
current versus voltage curve for the following two modes of operation: 


(a) Teathoae = 2800°K 
Tanode = 1150°K 
Tras = 400°K 


The temperature of gas is lower owing to the existence of a condensing point 
at low temperature. 


(b) Pode a 2800°K 
rade = eas = 400°K 


The temperatures of gas and anode are identical because the gas condenses 
on the anode. 


4-8. In Ex. 4-6, the calculations are approximate, as the equivalence itself is 
approximate. The exact open-circuit voltage can be calculated from Hq. 
(4-14) by letting J; = 0 and evaluating Vo from the resulting equation. The 
exact short-circuit current can also be calculated from Eq. (4-14) by letting 
Vo = 0. Compare the approximate and exact values of open-circuit voltage 
and short-circuit current for 


(a) Ex. 4-6 
(b) For Ex. 4-6 with Tanoae = 2000°K 





CHAPTER FIVE 


MAGNETOHYDRODYNAMIC 
ENGINES 


Magnetohydrodynamic engines show promise as a way of generating elec- 
tricity on a large scale, and are also being studied as rockets for the propul- 
sion of spacecraft in interplanetary travel. 

The primary objective of the present chapter is study of the energy- 
conversion process inside such a device. We begin by studying the basic 
principles involved in the conversion process itself and in the conduction 
of electricity through an ionized gas in the presence of a strong magnetic 
field. These are the basic subjects. We then proceed to give a mathematical 
analysis of the variations in pressure, density, temperature, and mean flow 
velocity of the gas as it progresses down the conversion chamber. The latter 
study is essential to an understanding of the limiting factors to the conver- 
sion effectiveness of an MHD engine. 


5-1. A DESCRIPTION OF THE CONVERSION PROCESS 


The principle of magnetohydrodynamic generators (or MHD generators 
for short) is quite simple. Suppose we apply a perpendicular magnetic 
field (pointing into the paper) to a charged particle moving at velocity v 
to the right as shown in Fig. 5-1. The magnetic force acting on the particle 
is 
Fw qvxB (5-1) 
133 
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where F, v, and B are vectors, and x indicates vector product. If ¢ is posi- 
tive, the force acting on the particle points upward; if q is negative, the 
force acting on the particle points downward, as shown by the broken- 
line arrows in Fig. 5-1. Thus, the positively 


charged particle has a tendency of drifting Ff 
toward plate P;, and the negatively eames) a 
charged particle has a tendency of drifting b 
toward plate Ps». 
Now suppose instead of the two parti- 
cles, we have a mass of ionized gas molecules © 
moving at an average velocity v toward YF 
the right. The positive ions are accelerated B 


toward plate P, and the negative ions are 

accelerated toward plate Po To be sure, Srciicday Gi ele ac 
the ions collide with the un-ionized mole- Sanpaabisersk Sea 
cules. Nevertheless, an average drift of the pPyprp, 

positive ions toward P; (and of negative 

ions toward P2) is developed between collisions. If we connect plate P; to 


Fig. 5-1. Morions or CHARGED 


plate P2 through an electrical load externally, a positive electric current 


will pass from P; through the load to P2. This is the basic principle of the 
MHD generator. 

Thus an MHD engine extracts mechanical energy from the mean flow 
of gas and converts it to electrical energy. The process is basically reversible, 


Magnetic coil 










Super- 
heater 


Condenser 








Boiler 









seeding 
compound 


Heat exchanger 


Fig. 5-2. Tr Basic COMPONDNTS OF A MHD Goneraron. 
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If, instead of a load, we connect an external source of emf of sufficiently 
large magnitude in a direction opposite to the natural direction of current, 
the latter can be reversed, and energy fed into the mean flow. 

Figure 5-2 illustrates the essential components of a MHD generator 
which converts heat into electrical energy in a closed cycle of operation. 
A superheated gas is expanded through a nozzle to obtain a high mean 
flow velocity. The ionization of the gas is accomplished by the natural 
process of thermal agitation and is some- 
times aided by seeding into the gas a 
small amount of easily ionizable material 
or by using an RF field. The ionized 
gas is passed through the energy con- piacere 
version chamber in which the generation Rae Sositive electro 
of electricity takes place. Afterwards, — jonized gas Negapi, ae 

; ive 
the gas is condensed and pumped back SS ectrodes 
into the boiler. 

The reversed operation is illustrated 
by the MHD ramjet of Fig. 5-3. The Fig. 5-3. A Lonerruprat View or 
inlet gas is accelerated as it passes 7! Conversion CuamBER oF A 

a F MHD GENERATOR. 
through the conversion chamber and is 
ejected at a higher velocity. 


Magnetic field in the direction 
going into paper 


5-2. TRANSFORMATION OF ELECTROMAGNETIC FIELDS 


Perhaps the simplest as well as most rigorous way of analyzing the basic 
MHD process of generating electricity is through a study of the transforma- 
tion of electromagnetic fields from a stationary reference system to a 
moving reference system. 

As we know, physical quantities are defined through the ways of meas- 
uring them. How do we know there is an electric field? If we put a charged 
particle at rest in the field, we find there is a force acting on the charged 
particle, and the magnitude and direction of the force give the magnitude 
and direction of the electric field. How do we know there is a magnetic 
field? If we put a moving charged particle in the field, we find there is a 
force acting on the charged particle as given by Eq. (5-1). A student may 
ask: “Why not put a magnetic pole in the field instead of a moving charge?” 
We could do that also by using a very long thin magnet. But as the results 
of two ways of measuring the same physical quantity are obviously the 
same, there is no need to consider both, 

a he electromagnetic force acting on a moving charge is given as 


F = g(E hve B) (5-2) 
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With a single charged particle moving at a single v, the six components of 
E and B cannot be determined from the three components of F. By meas- 
uring the forces on particles moving at different v’s, however, the vectors 
E and B can be completely determined. Thus, if we find the forces acting 


on charged particles moving at arbitrary v’s to be given by 


F = q(X + vx Y) (5-3) 
we can safely say that 
Be ox 
ISS Me (5-4) 
Now let E and B represent the electromagnetic fields as seen in a sta- 
tionary system, (measured by a laboratory setup which is at rest with 
respect to its special location on earth). Our problem is what are the values 
E’ and B’ measured by a laboratory setup which is moving at velocity v? 
To answer this question, let us determine the force acting on a charged 
particle moving at velocity v’ relative to the moving laboratory. Since the 
actual velocity (relative to the stationary system) is v + v’, the force is 


F = gf E+ (v + v’) xB] 

qQlE+vxB+ v’xB] 

Applying Eq. (5-4) to the moving system gives 
E’=E+vxB 
B’=B 


I 


(5-5) 


(5-6) 
(5-7) 


In the foregoing derivation, we have not taken into account the mor@ 
subtle relativistic effects, such as Lorentz contraction, etc., and Eq. (5-6) 
and Eq. (5-7) are not strictly correct. As we shall see later that E is 
the order of vx B in MHD engines, Eqs. (5-6) and (5-7) differ from thi 
exact Lorentz expressions by a term of the order of v?/c?, where c is the 
speed of light. In a typical MHD engine, the order of magnitude of v i 
around 1000 meters/sec. Thus 


y? 1000? 
e (3 X 108)? 


The error introduced by Eq. (5-6) and Eq. (5-7) is approximately one» 
billionth of 1%. 


— —11 


= 10 (5-8) 


5-3. THE GENERATOR AND MOTOR EFFECTS OF AN MHD ENGINE 


Now let us see the physical implications of Eq. (5-6) and Eq. (5-7). 
ferring to Fig. 5-4, an electric load of resistance 2 is connected across 
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Fig. 5-4. An Ipeauizep View or tHe MHD Conversion 
Process. 


plates P; and P. A positive current J flows from plate P; through the load 


to plate P2, and a voltage V = RI is developed across the load. The electric 
intensity between the plates is 


E,= (5-9) 


V 
d 
where d is the distance between the plates. 
To determine the effects the electromagnetic fields ZH, and B have on 
the moving gas, let us imagine a laboratory moving with the gas. The gas 


is stationary as seen by the laboratory attendant. The electric and magnetic 
fields as seen by the attendant is 


1 
Ey = Ey + Bu = = (Bod ~ V) 


B'=B (5-10) 
Now we shall make the following two observations: 


(1) The physical laws as seen by the attendant in his moving laboratory 
ure exactly the same laws as seen by us. 


(2) The motions of various particles in the ionized gas constitute an ob- 
jective fact. As such, it remains the same no matter who sees it. 


The electromagnetic fields #, and B acting on the moving gas produce 
exactly the same forces on the ions as electromagnetic fields Ei and B 
‘acting on a gas with zero average velocity. The electric field E’ can be 
produced by an emf 2; in series with the external voltage V as shown in 
lig. 5-5, where 


Lym Bod (5-11) 
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Fig. 5-5. Equivaent Circuit or A MHD GENERATOR. 


As far as any external measurements can determine, /; is an internal emf 
of the engine. 

A volume of ionized gas with zero average velocity behaves like a pas- 
sive resistor to external measurements. The MHD engine has an internal 
emf E; equal to Bud and an internal resistance R; equal to d/cA. 


The flow of current J causes a force 
F = Bid 


acting on the ions and is eventually transmitted to the entire gas through 
collision. Referring to Fig. 5-4, the current J in the gaseous medium is in 
the z direction, and F is in the minus « direction. The force F tends to slow 
down the mean flow of the gas or to cause the pressure to build up in the 
minus z direction. In any case, it extracts from the mean flow a mechanical 


energy equal to 


(5-12) 


Fo: Bide = Be (5-13) 


Equation (5-13) gives the energy balance in the conversion of mechanical 
to electrical energy. 

The MHD engine is basically reversible. Suppose in Fig. 5—4 we conne 
the source of emf E, instead of the load by moving the switch arm to posi- 
tion 2. The equivalent situation is illustrated in Fig. 5-5 with the swite 
in position 2. If Hy > Bud, the direction of the current is reversed. Const» 
quently, the direction of the force acting on the ions is also reversed. I 
tends to speed up the mean flow rather than to retard the latter. The 
ejected gas is at a much higher speed than the inlet gas. In the meantime 
the reaction force acting on the magnet tends to push the MHD engl 
in the minus x direction. Thus the MHD engine acts like a jet engi 
with the exception that the input is electrical energy rather than fuel, 
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The foregoing explains the basic process by which an MHD engine 
ie mechanical energy into electrical energy, and vice versa. Quan- 
itatively it is a very rough theory, as it does not take i 
itat e into 
significant factors: ining 


(1) The pressure, temperature, and mean flow velocity vary from point 
to point, and are functions of z. Otherwise there cannot be any energy 
change in the flow and consequently no energy conversion. Therefore, both 
the generated emf and the conductivity are functions of x. 


(2) The conduction of electricity through a stationary gas is not unaffected 
by the presence of a strong magnetic field under certain conditions. 


In subsequent sections, we shall make a more detailed study of the MHD 
engine, taking into account the variations of the factors mentioned in 
Item 1. In fact, it is only by considering these variations that we are able to 
determine the limitations of MHD engines. We shall also study the condi- 
tion under which Item 2 is not significant. The fulfillment of this 
condition is necessary for a MHD engine to operate well. 


Example 5-1: A MHD engine has the following data: 


Plate area = 0.1 m? 
Distance between plates = 0.2 m 
Cross-flux density = 1.2 webers/m? 
Average gas velocity = 1000 m/sec 
Gaseous conductivity = 10 mho/m 


ll 


Determine the open-circuit voltage and the maximum power output 
The open-circuit voltage is given as ; 


E; = 1.2 X 1000 X 0.2 = 240 volts 


The internal resistance is 


0.2 m 


* 0.1 m? X< 10 mho/m aye 


2 


=e: 
ie ,000 watts 


i 


le max 


: aa ins calculations are only approximate, as both the conduc- 
ivity and the average gas velocity vary not only wi i ; 
\ j y with the dista 

with the load current as well, vad 
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5-4. GASEOUS CONDUCTION AND HALL EFFECT 


In this section, we give a brief description of the process of gaseous conduc- 
tion with special emphasis on the effect due to the presence of a magnetic 
field. We shall limit our study to the case with a gas at rest, ie., having 
zero mean velocity. The results can be applied to the general case by using 
the transformation of Sec. 5-2. 

The problem of gaseous conduction has two essential aspects: 


1. The ionization and recombination of electrons and ions 
2. The average motion of charge carriers 


The first aspect deals with the densities of charge carriers and the de- 
pendence of the densities on macroscopic conditions, such as composition, 
pressure, and temperature of the gas. The second aspect deals with the 
observable effects which are consequences of the motions of charge carriers, 
such as conductivity, Hall effect, etc. 


5-4a. THE THREE VELOCITIES 


Before studying the gaseous conduction in an MHD engine, we must make 
a clear distinction of the three types of motions of any single charge carrier; 


(1) The mean flow is the average movement of the gas as a whole, 
The velocity of mean flow is denoted as v. 


(2) The thermal movement is the Brownian motion due to thermal 
agitation. Its velocity is denoted as u. 


(3) The drift motion is due to electromagnetic forces acting on & 
charged particle. Its average velocity is denoted as uu. 


A neutral atom or molecule has only v and u. 


5-4b. THE IONIZATION PROCESS 


When an orbital electron of a gas molecule acquires sufficient energy 
through thermal agitation (or to say it quantum mechanically, by absorbi 

a thermal photon), it escapes from the molecule and becomes a free electro 
The remaining molecule becomes a positively charged ion, Sometimes, 
molecule separates into a positive ion and a negative ion, At the same ti 





SEC. 5-4 MAGNETOHYDRODYNAMIC ENGINES 141 


electrons and ions, or positive and negative ions, recombine into neutral 
molecules. Under conditions of equilibrium, the density (or number per 
unit volume) of ionized molecules satisfy 


Ns = Cri? T3lte—oleer (5-14) 


where C is a proportionality constant, and ¢ is the energy deficiency which 
binds the electron to the rest of the atom, or the two ions together, and no 
is the density of the un-ionized molecules. Assuming electrical neutrality 
on the average, the densities of positive and negative ions are identical 
and are both represented by n;. Equation (5-14) is an approximation and 
holds only if kT < ¢, in which case n; is small compared to mo. As 7 in- 
creases, ; increases sharply through the exponential dependence. At 
kT = ¢, a substantial number of molecules are ionized, and Eq. (5-14) 
no longer holds. 

The physical processes which give rise to Eq. (5-14) can be described 
as follows: At all times the positive and negative ions collide with each 
other, and when a collision does take place there is a probability p, that 
they recombine into a neutral molecule. The frequency of collision is pro- 
proportional to the densities of the ions and the speed or ~/ 7. Therefore, 
the rate of recombination is 


R, = Cin; a did pV T 


In the meantime, the neutral molecules are dissociating into ions at a rate 
Ra = Conopa 


The ratio pa/p, is proportional to T°e-¢/*T, which accounts for the proba- 
bility of a molecule’s acquiring the necessary energy ¢ to ionize through 
thermal agitation. Under equilibrium condition, Ra = R,, and 


ni = Cen T8/%¢—o/kt 


‘Taking the square root of the foregoing expression gives Eq. (5-14). 

A significant point about Eq. (5-14) is that it is not changed by the 
presence of other types of molecules. For instance, in a helium gas seeded 
with potassium, 7 is the density of the potassium atoms. As helium is far 
more difficult to ionize, its presence is completely immaterial. With the 
same no, the same n; is produced whether helium is present or not. This 
occurs because the number of collisions per second between electrons and 
potassium ions is not changed by the presence or pressure of helium. 

The energy @ which binds a valence electron to an atom has a value 
of a few electron volts, whereas the energy @ which binds an innermost 
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electron to a nucleus is proportional to the square of the nuclear charge, 
from a few electron volts for hydrogen to about 10° ev for the heaviest 
nuclei. Since k = 8.616 X 10-* ev per degree, it takes a temperature of at 
least a few thousand degrees to cause substantial ionization of valence 
electrons from their molecules or atoms but much higher temperature to 
cause complete ionization of an atom. 

A gas with a substantial number of ionized particles in it is one kind 
of plasma. There is no clear demarcation line of what is a plasma from 
what is not. It would be too inclusive to call a gas with any trace of charged 
particles in it a plasma. A gas without ions is yet to be found. We shall use 
the word plasma in the practical sense to mean a gas which has fairly high 
conductivity for electricity. As high conductivity is a necessary condition 
for an MHD engine to operate well, MHD engines are also called plasma 
engines. 

Owing to material limitations, the temperatures of the electrodes and 
enclosures are limited to not much over 2500°K if not less. Consequently, 
the ionized gas is limited to about the same temperature, which is not hig 
enough to cause sufficient ionization except in the most easily ionized 
gases. The alkali metals have a single valence electron in the outermo 
shell. It is very loosely bound to the rest of the atom, and the energy 
deficiency ¢ is small. For this reason, the ionized gases most commonly 
used in experimental MHD engines are either evaporated alkali metal 0 
an ordinary gas seeded with a small trace of alkali metal. The seeding 
an easily ionizable material helps to provide charge carriers directly, a 
the collision of free electrons with the bounded electrons of the host materi 
also increases the percentage of ionization of the host material. A condu 
tivity of about 10 mho per meter at 2000°K can be obtained by seedi 
air with about 1% of potassium vapor. 


5-4c. GASEOUS CONDUCTION 


Consider a high-temperature gas. The valence electrons of some gas mol 
cules or atoms are dissociated from the rest of the atoms. The latter carri 
positive charge and is called a positive ion. Thus both types of charge carrie 
are usually present and the gas as a whole is neutral. 

The charge carriers and neutral atoms or molecules move at high s 
with the average kinetic energy of each particle in each degree of freedo 
equal to 3kT: 

4mu? = dmul = mut = $kT (51h 


where m is the mass of the particle, and u, is the velocity component i 
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Fig. 5-6. Typicau Parus or ELectTRONS IN A GASEOUS PLASMA: 
(a) IN THE ABSENCE or ANY ELEcrROMAGNETIC FiELD; (b) 
Evecrric Firitp ONLY; (ce) Magnetic Frevp onty; (d) PrEr- 
PENDICULAR ELECTRIC AND MAGNETIC FIBLDS ARE PRESENT, 
Mran Free Paro « Mean Raptius; (e) PERPENDICULAR 
Evecrric AND MaGnetic Fietps aRE Present, MEAN FREE 
Pars > Mran Rapivs. 


the x direction, etc. We note from Eq. (5-15) that a lighter particle moves 
at higher velocity. 

The motion of a particle is deflected every time it collides with another 
particle. Fig. 5-6(a) illustrates the typical random motion of a charge 
carrier in the absence of any external field. The particle starts at 1 and after 


_ some time ends at 2. On the average, the particle does not move much 


from its original position. Fig. 5-6(b) illustrates the situation in the pres- 
ence of an electric field but without any magnetic field. Let us say that the 
charge carrier is an electron, and the electric field intensity EZ is pointing 
toward the right. There is an acceleration of the electron eL/m,. toward 
the left. Though the time between collisions is relatively short, and conse- 
quently the change in velocity of the electron in each leg of its journey 
may or may not be perceptible, there is definitely an average drift toward 
the left after many collisions. To be more quantitative, as the charge carrier 
starts off in an entirely new direction after each collision, the previously 
accumulated drift, velocity is completely wiped out, Thus, the average 
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velocity is simply the average accumulated drift velocity between collisions: 


(5-16) 


where 7 is the average interval between collisions. 
Equation (5-16) shows that the drift velocity is proportional to E 
and the mobility of a charge carrier is defined as 


ad 
=— 5-17 
2s (5-17) 


For electrons, it follows from Eq. (5-16) 


eT 





fe = (5-1 7a) 


2Mme 


Let n, denote the density of electrons. There are n.va electrons crossing 
a unit area and each of these electrons carries a charge e. The current density 
due to the drift of electrons is 


ner 


2me 





Je = Ne = 


Therefore, the conductivity due to electrons is 


(5-18 


Equation (5-18) also holds for positive ions with n., m., and 7 replae 
by ni, mi, and 7; which are the density, mass, and average interval betwee 
collisions of positive ions respectively. As m; for a hydrogen ion is abow 
1,800 times larger than m., and m; for a cesium ion is more than 200, 
times larger than m., the conductivities due to positive ions are entire 
negligible compared to the conductivity of electrons. We can regard o, 
the conductivity of the gas and drop the subscript e in Eq. (5-18). 

The average interval 7 between collisions depends on the pressure an 
temperature of the gas. At a temperature up to a few thousand degrees 
(depending on the gas), only a very small fraction of the gas molecules 
ionized. Owing to the attraction between electrons and positive ions, ho 
ever, the likelihood of a collision between an electron and a positive ion 
much higher than that between an electron and a neutral particle. Thou 
the positive ions are a small minority, they have decided influence on rf, 

The likelihood of a collision is given a quantitative expression by 
concept collision cross section. It is defined as an area A about the eon 
of a particle such that a collision occurs as soon as the other particle ¢o 
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within A. The area A is perpendicular to the relative motion of the two 
particles by definition. 

Let Ao and A; denote the collision cross sections between an electron 
and a neutral particle and between an electron and a positive ion respec- 
tively. Let and n; denote the densities of neutral particles and positive 
ions respectively. Suppose in a certain interval of time an electron has 
traveled a total distance L. The area Ay has traced out a volume LA». The 
number of neutral particles inside this volume is mLAo. Therefore, the 
number of collisions with neutral particles is nL Ao. Similarly, the munnee 
of collisions with positive ions is n;LA;. The average length of travel per 
collision is 


L 1 
Mm LAo + n,;LA; ri moAg + nA; 
In Eq. (5-19), lis the average length traveled by an electron between two 


collisions and is called the mean free path of electrons. 
Let u, denote the average speed of an electron. Then 
L 


T= — 
Ue 


(5-19) 


(5-20) 
and Eq. (5-18) becomes 


Nee? 1 
pee ee 


© Qimate roy + mA; (5-21) 


Equation (5-21) has the following significance: In a gas in which elec- 
trons are the predominant form of negative ions, n. = ni, and both den- 
sities increase rapidly with the temperature according to Eq. (5-14). At 
relatively low temperature, the term n;A; is negligible compared to noAo 
and the conductivity o rises with n,. As the collision cross section A, is Fi 
proximately a few thousand times as large as Ao, however, it takes only an 
ion density of about 0.1% for the term n;A; to dominate. Therefore, both 
(he numerator and denominator of Bq. (5-21) increases approximately in 
proportion to n; as temperature rises, and the conductivity o saturates at a 
value of e?/2m,.u,A;. 

To see the dependence of ¢ on gas pressure, let pp and p; represent the 
partial pressures of neutral particles and ions respectively. Then 


Po = nkT 
pi = nkT 
Dm = nkT 


Since 
mut = mous + mous + mua = 3k7' 
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Equation (5-21) becomes 


pee? 3 pe” 1 
TF Ginchaelatihghi, « Cone Ts Mikmabe +i a Mae 


In the preceding crude theory, we have been treating the averaged 
quantities rather loosely. A closer calculation gives 


2 
ee tae eee (5-22) 
* 8 pAo + piAs YamkT 


The only difference is in the constant coefficient. 


10° 


Conductivity o, mhos/meter 
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Fig. 5-7. A Comparison or MEASURED AND PREDICTED Con- 

puctiviry For Gas SEEDED wits 1% Porasstum. (Reprinted 

from T. R. Brogan, J. F. Louis, R. J. Rosa, and Z. J. J. Stekly, 

“A Review of Recent MHD Generator Work at the Avco-Everett 

Research Laboratory,’’ AMP 74, Avco-Everett Research Labora- 

tory, March 28, 1962.) 


Figure 5-7 gives the conductivity of gas seeded with 1% potassium 
vapor in the temperature range of interest. The curves are obtained as a 
result of theoretical and experimental studies made at, Avco Everett Re- 
search Laboratory. The solid lines are calculated results, which compare 
favorably with the experimental points obtained, 
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5-4d. THE HALL EFFECT 


In the presence of magnetic field, the electrons no longer follow a straight- 
line path. There is no force in the direction of the magnetic field, and the 
motion is still a linear function of time. F igure 5-6(c) and Fig. 5-6(d) 
show the projection of the trajectory in a plane perpendicular to the direc- 
tion of the magnetic field (the plane 2-z in Fig. 5-4). In Fig. 5-6(c), E is 
assumed to be zero. As the magnetic force is perpendicular to the direction 
of motion, the projection of the trajectory between collisions is a circular 
arc. The radius of the are is determined by the balance of magnetic force 
and centrifugal force: 


Meuz 
— = 67.5 
r 
Mee 
Gas eB (5-23) 
€ 


Except that the trajectory is an are rather than a straight line between 
collisions, there is not much difference between Fig. 5-6(a) and Fig. 
5-6(¢). There is no drift or average motion of the electron. 

Figure 5-6(d) shows the situation in the presence of an electric field, 
and the radius r is large compared to the mean free path J. The free electron 
path is actually a cycloid, but as the travel between collisions is small, it 
looks like a circular arc. The zigzagging trajectory is similar to that in 
lig. 5—6(b). As the path between collisions is an are instead of a straight 
line, however, the drift velocity toward the left is deflected upwards. As a 
result of this deflection, the equivalent flow of electric current is from upper 
eft to lower right instead of from left to right. There is a definite angle of 
rotation of the direction of electric current from that of the electric field, 
and we may consider the conductivity o as having an angle (equal to the 
angle of rotation) as well as magnitude. Thus in the presence of a magnetic 
lield, the electric conductivity is a vector rather than a scalar. 

A way of testing this effect is to place two pairs of plates as shown by 
the broken lines in Fig. 5-6(d). If we connect a voltage across plates 3 
and 4 so that an electric field E is established as shown, the plate 5 will 
become negatively charged and the plate 6 will become positively charged. 
If we connect the plates together electrically, a positive current will flow 
from the bottom plate 6 to the top plate 5. This effect is called the Hall 
[Fect. 

The Hall effect can be used to determine the nature of the charge 
carrier, Suppose in Fig. 5-6(d) the charge carriers are positively charged | 
ions instead of negatively charged electrons, The ions describe counter- 
clockwise ares between collisions and drift from left to right on the average. 
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As the ares are counterclockwise, the trajectories also deflect upwards. 
Thus, the equivalent electric current is from lower left to upper right. The 
plate 5 will become positively charged and the plate 6 will become nega- 
tively charged. Thus, the nature of the charge carriers can be determined 
from the polarity of the Hall effect. 

Suppose we decrease the pressure or increase the magnetic flux density 
B so that the mean free path J is much longer than the radius r, the path 
of the electron (or other charge carrier) becomes that of Fig. 5-6(e). The 
electron follows a distinctively cycloid path in between collisions. Although 
it is not difficult to derive the shape of the trajectory between collisions 
mathematically, it is more instructive to see physically why this is so. As 
the magnetic force is always perpendicular to the path of an electron, it 
cannot increase or decrease the speed, nor transfer energy to, or from, the 
electron. The change of speed is due to the electric field alone. The con- 


servation of energy requires that 
imu, + eEx = constant 


and the electron moves faster when it is farther to the left. From Eq, 
(5-23) it is seen that r is proportional to v. Therefore, the instantaneous 
radius must be larger when the electrons are farther to the left. This ex- 
plains qualitatively the trajectory of Fig. 5-6(e). 
The practical significance of Fig. 5-6(e) is that with 1 > r there is 
little or no drift velocity in the direction of the electric field, and conse- 
quently the electric conductivity is seriously reduced. In order to have 
MHD engine operate properly, the conductivity of its ionized gas mus 
be as high as possible. The Hall effect can be rendered insignificant b, 

requiring 
<r 


The significance of the foregoing requirement in terms of macroscop 


variables will be derived presently. From Eq. (5-18) and Kq. (5-23) 
pee wel! The Willen tice 


Ue 7. QMeUe eB 2B 





oC = 
2m. 


As the density n, and partial pressure p are related to the temperature b; 





p = nkT 
inequality (5-24) can be rewritten as 
De 
5-25 
S cer (5-25) 


where p, is the partial pressure of the electrons, and Vr = kT’/e. 
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Example 5-2: In a certain MHD engine, the operating gas temperature 
is 2500°K, and the gas conductivity is 20 mho/m. What is the least partial 
pressure of the electrons so that the Hall effect can be neglected in the 
presence of a magnetic flux density of 1.2 weber/m?? If only 0.02% of the 
gas molecules is ionized and practically all the negative ions are electrons 
what is the minimum pressure of the gas? 


SoLution: Equation (5-25) gives 


De 2 2BVro = 2 X 1.2 X (2500 X 8.616 X 10) X 20 
10.33 newton/m? 


Peas = 10.33 + 0.0002 = 5.16 X 104 newton/m?, 


4 ef 


Pe = 1.02 X 10-4 atm 


Peas = 0.51 atm 


5-4e. SUMMARY 


In the preceding Sections, we have discussed the pertinent facts about 
gaseous conductivity. Now we shall give a brief summary of these facts: 


(1) The conduction of electricity through a gaseous medium is accom- 


ee by the motion of charge carriers, a term which includes the electrons 
and 1ons. 


(2) An orbital electron in an atom (or molecule) is bound to the rest of 
the atom (or molecule) by an energy deficiency ¢. It flies away as soon as 
it acquires an amount of energy in excess of ¢ through thermal agitation 
or other means. In the meantime, free electrons and ions recombine into 


neutral atoms (or molecules). The two processes arrive at a state of 
equilibrium. 


( 3) In order to cause an appreciable fraction of atoms (or molecules) to 
ionize, kT must be of the same order of magnitude as ¢. Even for the 
valence electrons of the most loosely bound alkali metals, the required 7’ 
is above 2000°K, Thus, only alkali metal vapors or other gas seeded with 
ikali metal vapors are used in experimental MHD engines, a 
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(4) Except at very low pressures, the drift (or average) velocity of a 
charge carrier is small compared to its mean velocity of thermal motion. 
When this is true, the drift velocity, and consequently the convection elec- 
tric current, is proportional to the electric field intensity E. Thus the con- 
ductivity of a gas can be defined. 


(5) The conduction of electricity in a gas is almost entirely due to the 
free electrons because of their small mass and consequent high mobility. 


(6) The gaseous conductivity increases with T at first because the density 
of free electrons increases with 7’. After 0.1% or more ions are present, the 
frequent collisions between ions and electrons reduce the mobility of the 
electrons and tend to keep the conductivity at a saturated value despite 
further increases in the density of electrons. 


(7) In the presence of a strong magnetic field, the trajectory of a charge 
carrier between collisions is an arc. Consequently, the gaseous conductivity 
is a vector (or tensor) rather than a scalar, in the sense that the conduction 
current is not in the same direction as the electric field intensity. This is 
called the Hall effect. 


(8) In the ultimate limit of having a mean free path much larger than the 
radius of the trajectory, the charge carriers move sideways, and the gaseous 
conductivity is seriously reduced. 


(9) As a strong magnetic field is a necessity in an MHD engine, the pres- 
sure of the gas must be sufficiently high to keep the mean free path small, 
at least not larger than the radius of the trajectory. This requirement 
results in a lower limit for the partial pressure of electrons Eq. (5-25). 


(10) In thyratrons, the ionization is accomplished by collisions of free 
electrons with bound electrons. In order that the free electrons may acquire 
sufficient energy before collision, the mean free path must be sufficiently 
large (pressure sufficiently low). This is not possible in MHD engines, 
since the mean free path must be short in order to offset the Hall effect. 
Thus, our only means of achieving high gaseous conductivity are reduced 
to the more brutal ones of high temperature and seeding. 


5-5. DIMENSIONAL ANALYSIS 


In this section, we study the effects of size on the performance of an MHD 
engine. The mean velocity v, current density J and flux density B are assumed 
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to be independent of size, and the MHD engines of various sizes are assumed 
to be proportional. The purpose is to establish the trends of variation of the 
various terms entering into the energy-conversion process as the linear 
dimension of the engine is increased. 

Let L denote a characteristic length of the engine; L may be the sepa-~ 
ration between the electrodes, or the cubic root of the total volume, ete 
As the engines are assumed to be proportional, the exact choice of oe i 
immaterial. Let us consider the terms one by one: 

The Converted Power P 


P= EI = Bod+ JA = JBvK,L 


where K, is a constant independent of L. 
The ?R. Loss inside the Plasma 


J? 1 
r= [oa = — P?K,L 
a o 


ane Friction Loss at the Walls. The wall friction is a small fraction i 
of pv? per unit area. Therefore, the total loss for a wall area A,, is 


F= fev’ Aw -v = Kw L? 


The Heat Loss at the Walls. The heat loss at the walls depends on the 
allowed temperature of the wall material. If the allowed temperature of 
the material is considerably higher than the gas temperature, the heat. 
generated at the walls due to friction can be carried away by dh gas itself 
In that case, the heat loss at the walls can be reduced to a negligible vali 
by using adequate thermal insulation. If the allowed temperature of the 
material is equal to, or lower than, the gas temperature, external cooling 
must be used and the total heat loss is proportional to the area of the wall 
Therefore, the heat loss H can be expressed as 


A = K,P? 


; The ?R Loss of the M agnetizing Coil, Qm. A magnetizing coil of n turns 
with total copper cross section A, and mean length per turn / has a resistance 


pln? 
A. 


R= 





where p is the resistivity of the wire material, Therefore, 


l 
Qn = OR = — (niys 
A 
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Let l», denote the length of the magnetic path. Then 





ey. 
= —— 
Ho 
and consequently 
pl pB 
On =— 2 al Whe. KL 
Aquo Ho 


The 72 loss depends on L linearly, since / and [n are proportional to L 
and A, is proportional to L’. 

In the preceding equations, Ki, Ke, Ks, Ks, and Ks are constants. 

The significant points of the foregoing analysis are (1) the converted 
power is proportional to the volume of the engine; (2) for a sufficiently 
large MHD engine, the wall friction, loss of heat at the walls, and the ?R 
loss in the magnetizing coil are small compared to the energy converted; 
(3) the 2R loss in the plasma is proportional to the energy converted. 
Therefore, the MHD engine is efficient at high power levels but is rather 
inefficient at low power level. It is unlikely to be commercially feasible for 
any application below the 10- or 100-megawatt power level. 

In the subsequent analysis, we assume the MHD engine to be sufficiently 
large so that the friction and loss of heat at the walls and the 722 loss in 
the magnetizing coil can be neglected. 


5-6. ANALYSIS OF A CONSTANT-AREA MHD ENGINE 


In this section, we analyze the performance of a simplified version of an 
MHD engine. Referring to Fig. 5-4, the following assumptions are made 


(1) The cross-sectional area of flow, A, between plates P; and P» is 
constant. 


(2) The pressure p, average velocity v, and temperature T of the ionized 
gas are functions of x only. For steady flow, they are independent of ¢. 


(3) The friction and heat loss at the walls are negligible. 
(4) The flux density B is a constant. In reality, B varies slightly owing 


to the flow of electric current between P; and P2. The variations are small 
and negligible, however, compared to the magnitude of B. 
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(5) The ionized gas follows the ideal gas law: 


one (5-26) 


where R; is the gas constant for 1 k i 
he g of gas, or the universal 
divided by the molecular weight. pt ac 
Fe the analysis, we divide the conversion chamber into slices along the 
"ee in much the same way a baker slices his bread. Since the vari- 
ables in each slice do not vary much, we assume that they can be treated 


as constants and the basic relations derived i 
lat: in See. 5-3 h i 
slice of the conversion chamber. a 


5-6a. BASIC EQUATIONS 


Figure 5-8 shows an enlarged portion of Fig. 5-4 between the plates P. 
and Py, det us consider the volume of gas bounded by two imaginar 
planes, P’ and P” at 2, and x» respectively, which move with ee { 
flow. At a small interval 5¢ second later, the two planes P’ and P” iy 
to % + 621, and re + 622 respectively, where a 


da. = v(a1) 6t 


6x2 = v(ae) dt (5-27) 





na ab Bay 4e Xo + 8X0 


Fig. 5-8. Cross-ane 
. 5-8. C “ALOTIONS OF THe Conversion Cam 

BE 
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Let Ij. denote the total current between 21 and 2. There are three 
conditions which must be satisfied by the motion of the volume of gas 
under consideration: 


1. Conservation of Matter 


Since the planes P’ and P” move with the mean motion, the total 
amount of matter bound between them does not change with time. Thus, 
the mass of gas bound between a; and 22 is the same as the mass of gas 
bound between a + 6a and x2 + 622: 


“2 2 2+622 
Af oz)de= Af o(2)ae 


Subtracting from both sides the integral 


gives 
214+621 xot bax 
A / plapagel | playide (5-28) 


As $x, and dz2 can be made arbitrarily small by making 6¢ small, Eq. 


(5-28) becomes 
Ap(a1) 6a, = Ap(a2) 6x2 (5-29) 


Combining Eq. (5-27) and Eq. (5-29) gives 
Ap(x1) v(a1) = Ap(x2) v(22) (5-30) 


Equation (5-30) shows that pv is a constant independent of z. It is the m 


flow rate q: 
q = Apu (5-81) 


2. Conservation of Momentum 


Newton’s second law states that the rate of change of momentum of 
physical body is equal to the total force acting on it. For the mass of g 


bound between P’ and P”, we have the following quantities in the mo 


mentum equation: 
Forces due to static pressure in the x direction 
Ap(a1) — Ap(a2) 
Magnetic force in the x direction 
—BiIyd 
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Rate of change of momentum 


: | i ee are i “Splelos as| 


aitbz1 a1 


“ | [ tet p(x)v(x) de — [ ay p(z)v(z) as] 


Ap(x2)v(a2) b29 Ap(21)v(21) 62, 
ét ot 


A[p(22)v?(x2) — p(a1)v?(x1) J 


Newton’s second law gives 


p(x2)v?(22) — p(t) v*(a1) = P(t) — p(a2) — mug 
A 
It can be written alternatively as 
BE 
(p + PU) at xo = (Dp pv”) at ASS — (5-32) 
Ww 


where w is the width as shown in Fig. 5-8. 


The expression p + pv? is called the stagnation pressure and will be 
denoted as p,: 


Ps = p + pv? (5-32a) 
4 is the pressure which develops at the stagnation point along a line of 
ow. 


3. Conservation of Energy 


i i we shall apply Eq. (2-1) to the volume of gas between P’ and 
- Assuming that conduction of heat is negligible, we have 


AQ =0 (5-33) 


Tn the temperature range of interest, the internal energy due to thermal] | 
motion 18 proportional to the temperature of the gas. Another part of the 
internal energy is the kinetic energy attributed to the mean flow. For a 
slice of gas of thickness dx, the total internal energy is 


dU = pAdz(CyT + $y") 


mass thermal kinetic 


where Cy is the specific heat at constant volume for 1 kg of gas. The total 
internal energy for the volume of gas between P’ and P” is the integral 
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of the foregoing expression. The increase in internal energy is 


x x 7 22+622 xyt+or1 
[Ca - [av =f av-f au 
w1 2 Z1 


aytér1 
Ap(a2) Sxl CT (a2) + 40?(x2) J (5-34) 
— Ap(2) ba[CuT (a1) + 4v?(a1) J 


AU 


The work done by the gas is partly electrical and partly mechanical. 


The electrical output is 
Viz 6t 


Where V is the voltage between the plates P; and P:. The mechanical work 
done by the gas is 
Ap (x2) 6x2 — Ap (a1) 621 
The total work done by the gas is 
AW = VI. 5t + Ap(x2) 642 — Ap(ai) 5x1 (5-35) 
Substituting Eqs. (5-33) to (5-35) into Eq. (2-1) and dividing the re- 
sulting expression by 6¢ give 


p (a2) 1 A Vin 
o| Co (a) ae a S5 a (a2) | + 


2) 4 Syms] cl 
= | Carte) +oe +ie@)] 6-86) 


Equation (5-36) has a simple physical explanation. The quantity 
1 
g (car ie =) aig (5-37) 
p 


is the enthalpy of the mass of gas ¢ which flows across the cross section at 
zx every second. To see this, let M@ denote the molecular weight of the a 
in kilograms. The internal energy U of the gas has a random componen 
and a component due to the kinetic energy of mean flow v: 
U = mol -- sq0" 
qC.t 


1h 1 
= 4 vt = gCuT +- 
air ber qeu +59 


As the volume occupied by the gas is 


im 2 
p- 
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Kq. (5-37) can be rewritten as 
hyp = U+ pV 


Comparing the preceding expression of hr with Eq. (2-15), it becomes 
apparent that hr is simply the enthalpy H of the amount of gas which 
flows across the cross section at x per second. Consequently it is called the 
enthalpy flux in. the literature. 

Physically, the enthalpy flux is the rate of flow of total energy across a, 
given surface. We note that, as the amount of gas q flows across the cross 
section at x, it carries with it its thermal energy gC1T and kinetic energy 
(of mean flow) qu?/2. The term 


— = Apv 
p 


represents the rate of mechanical work done across the cross section by 
hydraulic pressure because Ap is the force due to hydraulic pressure, and 
v is the velocity. 

The enthalpy flux hy can be expressed in various other ways. Note 
that the constant pressure specific heat Cn is given as 


Cn = Ry + Gr (5-38) 
and the ratio y is defined as 
C5) 
= — 5-39 
7 C., (5-39) 


From Eq. (5-26), hr can be written as 
hr = q(CuT + RiT + 3v*) 


= q(CuT + 4v*) (5-40) 
Alternatively, 
Cn Pp Pp 
sa (ata 23) 
fis p gp 2 
1 
= a( oe ) (5-41) 
eye ling 2 ak 


Using the concept of enthalpy flux, Eq. (5-36) can be written as 
hy (a) a hy (x) = Vi (5-42) 


The conservation of energy is demonstrated by Eq. (5-42). The electrical 
output is equal to the rate of total energy flowing in at a minus the rate 
of total energy flowing out at vy, 
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Another equation gives the current J12 as a function of the gas variables. 
Since o and v are functions of x, the current density J is also a function of 


z. From Eq. (5-10), 


V 
Fay = ets BIG) Soa) [2c . - (543) 


29 7) V 
In = [wd (x) de = w [ °@) [Bo x -| de (5-44) 
w1 a1 
The significances of the equations derived in this section are summarized 
as follows: 


(1) Equations (5-26), (5-31), (5-82), (5-42), and (5-44) give a com- 
plete description of the conversion process. Given any set of initial condi- 
tions p, p, v, 7, and Ij. at « = a4, the subsequent values of these variables 
are completely determined. As the choices of a and 2 are completely 
arbitrary, we may choose 2 to be at the inlet end, x, = 0, and let the value 
of x2 range from the inlet to the outlet end, 72 = 7,0 <a < l. The solutions 
of the five equations give p, p, v, 7’, and Io, as functions of x. 


(2) The conductivity o affects only the distance of travel x for the gas to 
arrive at any given state, but does not affect the eventuality of that state. 
For instance, for a certain conductivity, Jo: is 100 amp at + = 0.2 and 
p, p, v, T become py, pi, v1 and 7’; respectively. For a higher conductivity, 
Tox is 100 amp at x = 0.1. Then at x = 0.1, p, p, v, and 7 are still pr, pi, My 
and 1}. This is so because, once Io, is given, p(x), p(x), v(x), and T (a) 
are completely determined from J, and the initial values p(0), o(0), and 
v(0), and 7(0) through Eq. (5-26), Eq. (5-31), Eq. (5-82), and Hq, 
(5-42). The conductivity determines only the value of x necessary to 
accumulate a current equal to Joz. 


5-6b. CONVERSION EFFECTIVENESS 


The conversion effectiveness of an MHD engine is the ratio of the electri¢ 
power output to the enthalpy flux at the input end: 


VIo1 


= 5b 
hy (0) - 


Ne 


where J», is the total conduction current between the two plates Py 
Ps, We denote the input plane as « © 0 and the output plane as 2 © 
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From Eq. (5-42), Eq. (5-45) can be written as 


7 =< MO AAO _ _ a 
We note that hr(0) is the total gaseous power input to the MHD engine 
and ha (1) is the unused gas power at the exhaust end. The odavenion 
effectiveness is quite similar to the thermal efficiency defined in Sec. 2-4. 





(5-46) 


5-6c. NORMALIZED EQUATIONS 


The first step in solving complicated physical equations is usually reducing 
them to normalized form. For each variable in the equation, we find a 
natural unit which is written in terms of constants of the enuhians By 
expressing the variables in their natural units, the equations are mained 
to much simpler forms. The set of equations derived in Sec. 5—6a will be 
solved presently by using this principle. Equation (5-31) can be used to 
eliminate the variable p in Eq. (5-32a) and Eq. (5-41): 





Pe=pt 7: (5-47) 
hp = Apu + : ; —4. 
= v _ 
See ae (5-48) 
A natural unit for v is 
— V 
ae aaa: 


At a mean flow speed v = 2, the generated emf Bod is just sufficient to 
balance out the terminal voltage V and no current will flow. It is not ob- 
vious what unit should be used for p. We can normalize the v terms in 
Hq. (5-47) and Eq. (5-48) first and see what happens. Multiplying Eq. 
(5-47) and Eq. (5-48) by A/qu, and 1/qu3 respectively, we obtain 


Oo 
qo qo % (5-50) 
hy be OT Ap v 1 (: ) 


rom Kiq. (5-50) and Nq, (5-51), the natural unit for p is seen to be 
qvo/ A, It is the rate of momentum flow por unit area at a mean flow speed 
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vp. The per unit variables P., H, P, and Q are defined as 





ADs A 
P, = i‘ P= a 
qo qo 
map Pe (5-52) 
qe vo 


Using the per unit variables, Eq. (5-50), Eq. (5-51), Eq. (5-382), Eq. 
(5-42), and Eq. (5-46) can be written as 











P= P46 (5-53) 
y=-— 79++@ (5-54) 
y-1 2 
ABig Vide 
~ api (5-55) 
BD) Pde) eae ca 
Wie 
H(0) — H(z) = — (5-56) 
qvo 
ag Eek (5-57) 
Ne HZ) 


In Eq. (5-55) and Eq. (5-56), we have set 21 = 0 and x2 = 2. 


5-Gd. THE STAGNATION PRESSURE VERSUS ENTHALPY DIAGRAM 


Equations (5-53) to (5-57) can be readily solved with the aid of the 7 
diagram of Fig. 5-9. In the diagram, P, is used as the y coktnes an 
is used as the x coordinate. The following points become apparent: 


(1) For each given Q, the locus of (H, Pz) traces out a straight line as ? 


varies. 


(2) The envelope of the family of straight lines with different values % a 
is a parabola. The equation of the parabola is given as a solution to 


following two equations: 
5P, = 6P + 6Q = 0 


sH = —— (P80 + Q6P) + Q8Q = 0 
7 = 
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These equations can be satisfied (except for the trivial solution 60 = 6P = 
0) only if 











1 1 
al a ' F 
3h PH = P— =0 
ea Tisdwscaa te at Breet 
The solution is 
Q= +P (5-58) 


On the P,-H diagram, an equation between P, and H is obtained by elimi- 
nating Q and P from Eq. (5-53), Eq. (5-54), and Eq. (5-58): 


- 5 Pt 50) 
2(y? — 1) (5-59) 


(3) The envelope of the constant Q lines has the following physical signifi- 
cance: As 


—_——" = —- e —— « — i ae M? 5-60 
yP vy Ap 1% YP a? 


where a is the velocity of sound »/yp/p, and M is the Mach number. The 
envelope is the sound barrier where the mean flow velocity v is equal to 
the velocity of sound. 


(4) Each constant Q line is divided by its tangential point on the sound 
barrier into two segments. The lower segment represents supersonic speeds; 
the upper segment represents subsonic speeds. This is proved as follows: 
Consider any point L on the lower segment of a constant line and the 
tangential point 7' of the same line, 


PAL) < PAT), Q(L) = Q(P) 
ia P (7) 


Therefore, 
: > : = 1 
WEtL) VPC?) 








(5-61) 


Since Q/yP(L) is equal to the ratio v’/a* at L, it follows from inequality 
(5-61) 


G). a, (5-62) 
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(5) The sound barrier divides the P,-H plane into two regions: The re- 
gion below the sound barrier is physically inaccessible. In order to obtain 
a pair of values (H, Ps) below the sound barrier, the mean flow velocity v 
must be complex. Above the sound barrier, each point (H, Ps) has two 
solutions for Q, one larger than yP and one smaller than yP. 


(6) From Eq. (5-55) and Eq. (5-56), it is seen that as oz increases with 
x, the representative point H(z), P,(x) traces out a straight line with 
unity slope toward the lower left corner on the P,-H diagram. The locus 
of H(z), P(x) is called the trajectory of the MHD engine. An example is 
the trajectory AA’ in Fig. 5-9. 





Fig. 5-9. SracNaTIoN PRESSURE VERSUS EntHaLtpy DIAGRAM, 
7 = 5/8. 


(7) From the trajectory, we can read the values of Q as x increases, repre= 
senting the progress of the plasma down the engine. Although there are 
two solutions of Q for each point on the P,-H diagram, there can be no 
ambiguity in the correct @ to use. Since the change in Q must be continuous, 
the gas stays supersonic if it starts out to be supersonic. It stays subsoni¢ 
if it starts out to be subsonic. 


(8) The length of the trajectory depends, of course, on the length of the 
engine and the conductivity of the gas. There are, however, two natural 
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boundaries which the trajectories cannot cross: one is the sound barrier. 
Obviously, the representative point cannot cross over the sound barrier 
into the inaccessible region and give complex values of Q. Physically, if 
the conversion chamber is sufficiently long to cause this, the flow becomes 
unstable and none of our previous analysis of a steady flow applies. The 
engine becomes inoperative or rather inefficient. The other is the Q = 1 
line. Once this.line is approached, the forces (on the charge carriers) due 
to electric and magnetic fields balance out and the current density J drops 
to zero. No matter how large x becomes, Jo, remains constant. 


(9) The conductivity of the gas can affect only the correspondence between 
x and the length of the trajectory. It cannot change the position of the 
trajectory. The performance of an MHD engine with constant cross section 
can be calculated from the initial and final points on the trajectory without 
knowing o. 


(10) Using Eq. (5-57), the conversion effectiveness can be calculated 
directly from the H values at the starting and end points of the trajectory. 
The other variables are determined as follows: 


(a) P, and Q are read from the P,-H diagram. 
(b) P is calculated as P, — Q. 
(c) The actual variables are calculated from P and Q as 


qo 


(5-63) 


T=—-QP 


(11) Since a trajectory is either supersonic or subsonic but is never mixed, 
lig. 5-9 can be separated into two diagrams. Fig. 5-10 gives the super- 
sonic P,-H diagram and Fig. 5-11 gives the subsonic P,-H diagram for a 
gas with y = 5/3. It is noted that the speed of a supersonic gas reduces 
as the gas progresses, whereas the speed of a subsonic gas increases as th 
gas progresses down the conversion chamber, 


(12) For operation as a jet, Q < 1, and the representative point moves 
on a straight line inclined at 45° from lower left to upper right, 


164 MAGNETOHYDRODYNAMIC ENGINES SEC. 5-6 


Qe 15 
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Fig. 5-10. SraGNatiIon Pressure versus EnrHatpy DiaGram, 
Supersonic REGION. 
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Fig. 5-11. Sraanation Prossunn versus ENTHALPY Diaaram, 
Supsonic Reaion, 
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Example 5-3: An MHD generator with constant cross section uses argon 
seeded with 1% cesium as its working gas. The following data are given 


d= 15cm 


10 cm 


WwW 


0.9 weber/m? 


entering gas condition 


T = 2500°K 
p = 0.5 atm 


v = 2800 m/sec 


The output voltage is 250 volts. In order to assure reasonably uniform 
current density, it is required that the generated emf at every section be 
no less than 300 volts. 

Determine the conversion effectiveness, power generated, and the con- 
dition of the gas at the outlet. Assume the average conductivity to be 100 
mho/m and estimate the length of the conversion path. 


Soxtvution: In order to use the P,-H diagram, we shall calculate the mass 
flow rate gq and the Mach number first. The gas is obviously monatomic 
with a molecular weight = 40. Therefore, 


8310 : 
R,T = ory X 2500 = 5.19 X 105 joules/kg 


a = yRiT = § X 5.19 X 10° = 8.67 X 105 joules/kg 
a = 932 m/sec 
2800 
a 
V 250 
io. — — = ——— = 1850 m/sec 
Bad 0.9 X 0.15 
Apv 
= App = — 
eno tay 


0.015 X 5.06 & 104 K 2800 
5.19 X 10° 


qu La 10" watte 


= 4.09 kg/see 
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E ing Q = Q(0) ei =H Rail 
ntering Q = = 1850 =1. 
Exit QW) 300 volts mee 
apa ~ 250 volts 
. Q 1.51 
Entering P = 7M = Ki = 0.101 


P,(0) = 1.51 + 0.10 = 1.61 
H(0) = § X 0.101 XK 1.51 + 3 X 1.51? = 1.52 


The calculated P,(0) and H(0) determine a point A on Fig. 5-10. Draw 
a straight line downward from A at a 45° angle. It intersects the Q = 1.2 
line at B. The exit conditions of the gas are given by the point B: 


P,(l) = 1.39 H(l) = 1.29 
P(l) = 1.39 — 1.2 = 0.19 


Conversion effectiveness 


Power generated 
W = qil[H(0) — H(l)] = 1.4 X 107 X 0.23 = 3.22 X 10° watts 

Condition of gas at outlet 

PDQ 0.19 X 1.2 
DQM _ oen9 


T=T(0 = = STi) ae 
les P(0)Q(0) 0.10 X 1.51 
P() = 05 atm x —— = 0.94 atm 
= 0, —— = 0,94a 
@) isis 0.101 
v(l) = 1850 X 1.2 = 2220 m/sec 
Length of conversion path 
0 te I 3.22 X 108 candle 
t f=. See am 
utput curren 250 p 
378 + 300 
Average voltage: a ae = 339 volts 
12900 


duct : K = —— = 145 mho 
Conductance $90 — 260 
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Length of conversion path 
olw 
da 
Therefore, 
Kd 145 X 0.15 


Example 5-4: What is the maximum conversion effectiveness of the 
MHD generator of Ex. 5-3 if there is no limit to the length of the conversion 
path? 
Soxution: If there is no limit to the length of the conversion path, energy 
conversion can take place as long as the generated emf is greater than 250 
volts; in other words, as long as Q > 1. 

Extend the line AB in Fig. 5-10 until it intersects the Q = 1 line at C. 
The point C gives H(l) = 1.18. 


nee 


18 
1.52 


nN = 1 — = 22.38% 


on 


_ 5-7. MHD ENGINES WITH VARYING CROSS SECTION AND 


MAGNETIC FIELD INTENSITY 


The limitations on the conversion efficiency can be largely overcome by 
allowing B and the cross section of the conversion chamber to vary in such 
a way that Bud is essentially constant as v approaches a preselected final 
value. The detailed analysis is quite involved and is beyond the scope of 
this book. Referring to Fig. 5-12, we confine ourselves to a discussion of the 
factors governing the conversion process of such a machine. 


(1) Conservation of matter still holds. In Eq. (5-31), the mass flow rate 
q is a constant, but the cross-sectional area A is a function of the coordi- 
nate x. 


(2) Conservation of momentum is no longer a useful relation. As the 
walls are not parallel to x, the reaction of the walls to gas pressure has a 
component in the direction of x, Mquation (5-32) is no longer valid. 


(3) Conservation of energy is still true, and Nq. (542) ean be used with- 
out modification, 
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Plate Pi 
a a 


Plasma in —>———- d(x) ——» Plasma out 
—>- 


arin ty 
Plate P2 Sirs 


‘ x 

oe 
Fig. 5-12. A CoNnvEeRsION CHAMBER WITH VARYING CRoss- 
SECTIONS. 


(4) Equation (5-32) is replaced by an equation giving the entropy rise 
due to /?# loss in the plasma. A more practical way to represent the entropy 
relation is as follows: There are two components of energy associated with 
the gas: the kinetic energy of mean flow and the internal energy. The 
kinetic energy of mean flow does not have any entropy associated with it 
and can be ignored in the calculation of entropy. Furthermore, as our 
ultimate purpose is to find a relation on the state variables p, p, and 7 to 
replace Eq. (5-32), we can make our calculations in terms of these variables 
directly. 

Let Q represent the total /’?R loss in the plasma as it travels from 
x = 0 to z = l. Then the heating per kilogram of gas is Q/q. Equation 
(2-10) gives 


dp 
© = Gnd? + paV = Ona? —p (5-64) 
p 


As an approximation let it be assumed that the heating rate is proportional 
to temperature increment. Then, 


1 00). oa 0 Seca oa 
g Ph gf TH — Fa 


where C, is a constant. Equation (5-64) can be written as 


d 
(Cr — C,) dT — R,T— =0 (5-66) 
p . 
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Integrating Eq. (5-66) from 0 to | gives 


T()\ Cn-Eo —_p(l) 
ae nae (6-67 


Equation (5-67) together with Eq. (5-31) and Eq. (5-42) can be used to 
estimate the performance as well as the ratio of the inlet to outlet cross- 
sectional areas of an MHD engine. The limit on conversion efficiency is 
set by Eq. (542) and Eq. (5-40). Obviously T(2) and v(l) should be as 
small as possible to reduce hr(l). As T(l) must be sufficiently high to give 
adequate conductivity, however, and v(l) must be sufficiently high to 
generate the required emf, there is a lower limit of hr(1). 

Once T(l) and v(l) are selected, the conversion effectiveness and gen- 
erated power can be calculated, and Q can be estimated. Given Q and 
T (1), the ratio p(l) /p(0) is determined from Eq. (5-67) and the area ratio 
is determined from Eq. (5-31). 

From practical considerations, it is desirable to have the same coils 
magnetizing the whole length of the conversion path. Furthermore, the 
generated emf, Z, should be constant so that uniform voltage drop in the 
conversion chamber can be maintained. The generated emf, H, and the 
mmf, F, are two constants of the MHD engine. We assume further that 
the magnetic path external to the conversion chamber can be made of 
magnetic material, and that the wall thickness of the conversion chamber 
is proportional to w. Under these assumptions, 


al KF uo 


Ww 


B (5-68) 


where K, is a constant less than 1. From Eq. (5-11) and Kq. (5-31) 


KF ued 

Fe Bile (5-69) 
WwW 

q = wdpv (5-70) 


Multiplying Eq. (5-69) by Eq. (5-70) gives 


vdtp = = Ky (5-71) 





Dividing Eq. (5-70) by Eq. (5-69) gives 


Kul wo 


u 





wp = Ke (5-72) 
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Equations (5-71) and (5-72) can be rewritten as 


Le 
d ie (5-73) 


p 


w= Ne (5-74) 


Example 5-5: An MHD generator with variable cross section has the 
same inlet dimensions and entering gas condition as Ex. 5-3. By varying 
d and w with « and using a weaker magnetizing coil, the generated emf is 
kept at 300 volts throughout the conversion path. The condition of the 
gas at the outlet is 


T(l) = 2000°K 


v(l) = 1400 m/sec 
Calculate 


(a) Conversion effectiveness 

(b) Output electric power 

(c) Pressure of the gas at the outlet 

(d) Outlet dimensions 

(e) Flux densities at the inlet and outlet. 


Soturron: Instead of calculating the numerical values directly, we shall 
find expressions of the conversion effectiveness and C, of Eq. (5-67) in 
terms of dimensionless parameters. Let 








T (1) 
* a Gae 
T (0) 
28 
v(0) 
E 
A= 
V 
Then, 
Y 2 
he = a RT + <2) = a( RT + — 7h?) 
sal y-1 
meyer 
= 1 -1 
ea +e 
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Therefore, 
yqRiT (0) M?(0) 
ie ee eee en 
a [i + ot | 
qRxT (0) g°M2(0) 
tl) = —— a + ——— (7 - 
pep a BO de wel ary Ae 
he(0) 1+ M0) -)/ ch 


Q=r-vr=vi(=~1)=v1a-1) 


= hy(0)n-(A — 1) 


CBs es See = fos odttls =id)y M°(0) 
aLT (1) — T(0)] fy Te a E ee i> )| Ry 
(5-76) 


For the example in question 


? 


a= ——— =)0 
2500 
1400 
6=—— =05 
2800 
300 
A= — = 
250 


_ 02+ 075 X9X4X4 
Coat ee S| 


c 


5 | 0.2 
Ca = — - X 0.6125 x — — 
a 2 x 5 xX aa x 4k, 6.125 Ri 


(a) Ye ™= 614% 
(b) VI = hp(0)ny @ 1.4 & 10" 1,52 X 0.6125 = 1.8% 10" watts 
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1.546.125 
(c) p(t) = (—) = OS 7-8 = O83 
p(0) 2500 
p@) _ oD TO _ og x 0.183 = 0.146 


pO) p(0)_ 70) 
p(l) = 0.5 atm X 0.146 = 0.073 atm 


(d) Outlet dimensions 
w = 10cm X 0.183-!/? = 23.4 cm 
d = 15cm X 0.183-? X 2 = 70.2 cm 


300 
= ————_ = 0.714 weber/m? 
(e) BO) = 075 x 2800 
Bil) = Pe: see = 0.305 weber/m? 
0.702 * 1400 


By comparing the results of Ex. 5-3 and Ex. 5-5, we see that an MHD 
generator with constant cross section operating in the supersonic range 
tends to compress and heat up the gas. As the kinetic energy is partly 
used up in compressing the gas, the conversion effectiveness is necessarily 
low. This difficulty is not basic, however, as it can be removed by increasing 
the cross section with x in a predetermined manner. ; 

For subsonic operation, a large part of the input enthalpy is contained 
in the internal energy of the gas. The temperature of the gas must reduce 
in order to supply the output energy. As the 7?f heating of the plasma is 
also there, however, the gas must expand in order to absorb this heat, 
energy and to end at a lower temperature as well. As Apvy is a constant, 
decreasing p means increasing v, and part of the internal energy is converted 
into kinetic energy instead of into useful output. Therefore the conversion 
effectiveness is also low. The difficulty can be avoided by making A (x) an 
increasing function of 2. j 

The ae principles apply to MHD jets, except that # < V and / is 
negative in Eq. (5-42). The 7? heating of the plasma causes the gas to 
expand as before, and an MHD jet is not the reversible process of an MHD 

enerator. 
2 A significant factor which we have neglected in Sec. 5-6 and Sec. 5-7 
is the turbulence flow of the working gas. It has been assumed that the 
mean flow is a function of x, and consequently the 7? loss in the plasma is 
due to the load current only. In the presence of turbulent flow, short 
circuit electric currents or “eddy” currents are induced in the plasma, The 
entropy of the plasma is further increased by an amount independent of 
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the load current. Its practical effect is an increase in Q of Eq. (5-65) and 
further expansion of the working gas. 


5-8. CONCLUSION 


MHD generators are most suitable for large-scale generation of direct 
current power. In principle, they are quite similar to conventional gen- 
erators, especially unipolar generators. Instead of driving a metallic con- 
ductor across a magnetic field, a mass of ionized gas is driven across a 
magnetic field, whereby it generates electricity in a direction perpendicular 
to both the magnetic field and the motion. 

The method is attractive because, in respect to equipment, it offers an 
efficient and potentially inexpensive way to generate electricity. There is 
no moving component and consequently no mechanical wear. The ionized 
gas can be recirculated indefinitely. The basic problem which will eventually 
determine the usefulness of this method is that of finding a material which will 
stand high temperature. Because of Hall effect limitations, it ts not possible to 
reduce the gas pressure to a value where ionization by collision can be effective. 
The only means at our disposal, then, are seeding and high temperature. In 
order to obtain a 2000°C gas at high velocity, the initial temperature at the 
superheater must be much higher. 

This chapter gives the basic principle of MHD engines and the closely 
related topic of gaseous conduction. In the last part of the chapter, MHD 
engines with constant and variable cross sections are analyzed. The purpose 
of the analysis is showing the significant factors involved, rather than 
giving exact calculations of the performance of the MHD engines. An 
MHD generator with constant cross section tends to heat the gas un- 
necessarily if it is operating in the supersonic range, or to speed the gas 
unnecessarily if it is operating in the subsonic range. Both effects limit its 
conversion effectiveness. These limitations can be lifted by increasing the 
cross section of the MHD generator with x. 
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PROBLEMS 


5-1. The load condition of an MHD generator can be represented by a ratio a: 
Bea, 
E; 
he 
i j i drop to generated emf. Express t 
s a is the ratio of internal voltage , 
ee power and retarding force of the MHD generator of Ex. 5-1 in terms 


of a. 


5-2. A MHD jet has the following given data: 





a= 


Distance between electrodes 0.3 m 


Conductivity 50 mho/m 
Mean flow velocity 2000 m/sec 
Area of electrodes 0.2 m? 
Applied voltage 1000 volts 


At what field intensity is the power converted into mechanical power & 
maximum? What value is this maximum power? 


5-3. The MHD generator principle is used for measuring mean pice a 
Assume a distance of 1 em between electrodes and a magnetic field o 


B = 0.1 sin 1000¢ weber/m? 


At what flow velocity is the output voltage 1 microvolt ag Nip a 
the inherent limitation of this method in terms of the type of fluid 1 
used on? L 
5-4. For a given gas at constant density, how does the Hall effect vary wi 
temperature? With the percentage of seeding? 
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5-5. The Hall effect angle 6y is the angle between the electric field intensity 
vector E and the current density vector J. 


(a) Show that, for small values of Ou, 


eae Z 
4 2r 
(b) Referring to Fig. 5-6(d), the distance between plates 3 and 4 is d; and 
the distance between plates 5 and 6 is dz. A voltage V is applied across 
plates 3 and 4. Find an expression for the open-circuit voltage across 
plates 5 and 6 in terms dy, de, and Oy. 


5-6. An MHD engine can be viewed as a conversion device with three types of 
energy in it: thermal, mechanical, and electrical. Draw an energy-conversion 
diagram which is an enlargement of the one shown in Fig. 2-8 and find the 
proper locations for the various terms discussed in Sec. 5-5. 


5-7. Recalculate Ex. 5-3 with B changed to 1.2 weber/m?, 


5-8. An MHD generator with constant cross section uses helium seeded with 1% 
potassium as its working gas. The following data are given 


d= 25cm 

w= 10cm 

B = 1.2 weber/m? 
entering gas condition 

T = 3000°K 

p= 1.0 atm 

v = 1000 m/sec 


The output voltage is 250 volts. In order to prevent instability, the Mach 
number is required to be 0.9 or under everywhere in the conversion chamber. 
Determine the conversion effectiveness, power generated, and the condition 
of the gas at the outlet. Assume the average conductivity to be 50 mho/m 
and estimate the length of the conversion path. 


5-9. An MHD generator with variable cross section has the same inlet dimensions 
and entering gas condition as Prob. 5-8. By varying d and w with 2, the 


generated emf is kept at 300 volts throughout the conversion path. The 
condition of the gas at the outlet is 


T(l) = 2000°K 
v(/) = 800 m/sec 
Calculate 
(a) Conversion effectiveness 
(b) Output electric power 


(c) Pressure of the gas at the outlet 
(d) Outlet dimensions 
























































176 MAGNETOHYDRODYNAMIC ENGINES SEC. 5-8 


i j ith an entering gas tem- 
I MHD generator of Ex. 5-3 is used as a jet wi : 5 
si Ss of "2000°K and speed of 1000 m/sec. The applied voltage is 250 


volts and everything else remains unchanged. Determine 


(a) The limiting speed at the outlet 
(b) The exit gas temperature for (a) 
(c) The electrical power input for (a) 
5-11. Find the limiting expression for p(1)/p(0) of Eq. (5-67) in which T(1) = T(0) 
but Q of Eq. (5-65) is a constant. 





CHAPTER SIX 


PHOTOVOLTAIC EFFECT 
AND SOLAR CELLS 


Photovoltaic cells are the most efficient means of generating electricity 
from solar energy. They accomplish their functions by converting the 
energies of photons directly into electricity. The life span of a photovoltaic 
cell is practically unlimited. Its power capacity per unit weight is also very 
high. 

This chapter emphasizes the basic theory, operating characteristics, 
and factors affecting the efficiency and applicability of these devices. 


6-1. THE ENERGY OF A PHOTON 


As discussed in Sec. 2-12, one of the most fundamental concepts of modern 
physical science is the proposition that wave and particle can be two as- 
pects of the same thing. An electromagnetic wave is a shower of photons, 
with each photon having its indivisible energy and momentum. A beam of 
sunlight is the superposition of electromagnetic waves of different fre- 
quencies and is, therefore, a shower of photons of assorted sizes (different 
energies and momentum). 

The energy FZ of each photon is directly proportional to its frequency »v. 


E = hy (6-1) 


where h is Planck's constant 6.6252 * 10-4 joule see, Equation (6-1) can 
be written in different forms, One of the most commonly used forms is to 
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express the energy in electron volts: 


Therefore, 
he/e 12398 A 


volts (6-2) 





where A stands for the angstrom unit of 10° m and [\] means wavelength 
in A. One angstrom unit is approximately the dimension of one atom and 
is the most commonly used unit of length in the study of X rays and light. 
An easy way to remember Eq. (6-2) is to write 


12345 A 
We Ge volts (62a) 
Lr] 





which is accurate enough for most engineering purposes. The constant 
12398 A has the significance of being the wavelength of a photon with an 


energy of 1 ev. 
The term photon fluz means the number of photons crossing a unit 


area perpendicular to the light beam per second. Let it be denoted by N. 
Let © denote the intensity of the light beam in watts per square meter, 
Then N is the number of photons with a total energy of ® joules. For a 
monochromatic light beam, 


r 
N =— = — = 5.04 X 10%@[\]/watts — A (6-3) 
hv he 


Example 6-1: A monochromatic light beam has a wavelength of 5890 A 
and an intensity of 0.5 watt/m®. Calculate (a) energy of each photon in 
electron volts, (b) the photon flux of the beam, and (c) the photon density 


of the beam. 
Sotution: For (a), Eq. (6-2) gives 
12398 


V = — = 2.10 volts 
5890 


The photon energy is 2.10 ev. 
For (b), Eq. (6-8) gives 


N = 5.04 X 10“ X 0.5 X 5890 = 1.485 X 10'8/m? 
For (c), the photon density is 


N 
p = — = 4.95 X 10°/m! 
C } : 
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6-2. JUNCTION DIODES 


A photovoltaic cell is a specially made junction diode so designed that a 
large fraction of the photons of the incident light beam are absorbed near 
the p-n junction. In order to understand its principle of operation, on 
must first understand the junction diodes. par 
Figure 6-1(a) illustrates the energy levels of a diode at the vicinity of 
the p-n junction. As discussed in Sec. 3-11, at zero current the diffusion 
of electrons from one side of the junction to the other and vice versa must 
be at equal rate, and this condition is realized if, and only if, the Fermi 
level Ey is lined up all the way across the junction. 


p-side A a-side 





J9A9| Absaua dJu0s499;3 ——s> 


—<—— |DiJuajod o11409/9 


(d) 


Fig. 6-1. ENonayennven, Diaanam or aA Junerion Diopm 
(a) UNownk Bquinmmnium Conpirion; (b) Forwanp Biasup 
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The detailed balance of electron and hole currents is established as 
follows: Consider the flow of electrons and holes out of the p side pen: 
section A. As electrons are minority carriers on the p side, the density ) 
electrons is low and consequently relatively few electrons go across section 
A. As the electrons go downhill from A to B, however, practically all these 
electrons get across to B. There are many more holes which go across sec- 
tion A. As the holes are going uphill, however, only the small fraction 
e-e4i/kT with energy e/; or more succeed in reaching B. The roles of elec- 
trons and holes are reversed in the flow of these particles out of the n side 


across section B. Let 


I, = electron current from p side to n side, 
I. = hole current from p side to n side, 

I, = electron current from n side to p side, 
hole current from n side to p side, 

nm = density of electrons at the p side, 

nz = density of holes at the p side, 

nz = density of electrons at the n side, 

na = density of holes at the n side, 

I = net current flow from p side to n side. 


— 
oy 
ll 


= kn 
I, = kenze~P lt 
Ts = kgnge~*2u*? 
I, = kana 
where ky, ke, ks, and ks are constants. 
T=-h+h+h-Ih 
— (kin + kana) + (keane + kegng) ee? 


As a condition of balance is assumed to exist, J = 0. Therefore, 
yn, + kung = (Karte + Iegng) el? (6-4) 


If a positive voltage V is applied to the p side, the energy level i 
becomes that of 6-1(b). J; and J4 are not changed as electrons going a 
A to B and holes going from B to A are still going downhill. A larger rac- 
tion, however, e~*“!-Y)/*? of holes going from A to B and electrons om 
from B to A have sufficient energy to make the climb. The net curren 


becomes 
I = —(hym + kara) + (earn + kara) erent (6-6) 
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From the same reasoning, Eq. 
(6-5) is obviously correct also for 
negative values of V. With negative 
V of sufficient magnitude, the second 
term of Eq. (6-5) is negligible, and 


I = —(kyn, + kum) = —Iy (6-6) 


The current Jo is the maximum re- 
versed current. Using Eq. (6-4) and 
Eq. (6-6), Eq. (6-5) can be written 
as 


fm Ly etree TY OG=7) 


Equation (6-7) is the operating 
equation of a junction diode. A plot 
of J versus V is illustrated in Fig. 
6-2. The rectifying function is clearly 
exhibited. 





Fig. 6-2. Current oF A JUNCTION 
DiopE versus APPLIED VOLTAGE. 


6-3. THE PHOTOVOLTAIC EFFECT 


Figure 6-3 illustrates the situation when a light beam of sufficient energy 
(lv > eL,) falls upon the vicinity of a p-n junction. Since the atomic 
dimension is very small, the interaction of an electron is with an individual 
photon, and we may look upon the light beam as a shower of photons. A 
photon may “collide” with a free electron, a valence electron, or a hole 
and transfer its energy to the latter. Even in the most heavily doped semi- 
conductors, however, the concentration or density of majority carriers is 
no more than 10*°/m’. This is about 1/10,000 of the density of valence 
electrons. Thus the probability of a photon colliding with a free carrier 
and transferring its energy to a free carrier is entirely negligible. 

What happens then is a photon collides with a valence electron and the 
latter acquires an energy of eZ, or more by absorbing the former and be- 
comes free. Figuratively speaking, an electron in the valence band is 
knocked into the conduction band and a hole is left behind. As illustrated 
in Fig. 6-3, this “pair creation”’ process may occur at different places 
along the junction. If it occurs in between sections A and B where there is 
a strong potential gradient as indicated by 1, the freed electron is acceler- 
ated by the potential to the n side and the hole is accelerated to the p side. 
The equivalent transfer of charge is that of a positive charge from n side 
to the p side, If the electron-hole pair is created on the n side as indieated 
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A 
p-type i 





Fig. 6-3. Tur PuystcaL MECHANISM OF GENERATING PHOTO- 
VOLTAIC CURRENT. 


by 2, and the minority particle (the hole) drifts toward the junction, it a 
across to the p side and again a positive charge is transferred from n side 
to the p side. The direction of movement of the majority particle is im- 
material, as it generally does not have sufficient energy to climb the hill. 
If the electron-hole pair is created on the p side as indicated by 3 and the 
electron drifts toward the junction, it gets across to the n side and again a 
positive charge is transferred from n side to the p side. Of course, it is also 
possible for the created minority particles to drift away from the junction 
and to combine eventually with a majority particle as illustrated by 4 and 
5 of Fig. 6-3. No flow of charge across the junction will Nacsi eet 

When a hole collides with a free electron, the probability that they 
bounce away from each other is many times larger than the probability of 
a recombination, or capture. A minority particle makes many collisions 
and moves randomly as shown in Fig. 5-6(a) for a while before it is cap- 
tured. If, during the period of random motion, it drifts into the depleted 
region at the junction, the strong electric field does the rest and sends a 
across the junction. The initial direction of the drift is unimportant. As 
long as the minority particle is created close enough to the junction, its 
probability of drifting across the junction is very high. 





SEC. 6-3 PHOTOVOLTAIC EFFECT AND SOLAR CELLS 183. 


The closeness of the minority particle to the junction is measured in 
terms of diffusion length, l, which is the average net distance traveled by a 
minority particle before it recombines with a majority particle. The prob- 
ability that the creation of an electron-hole pair at a distance d from the 
junction results into the flow of a positive charge from the n region to the 
p region is e~4/', Therefore, the diffusion length / is also the effective range 
in which an absorbed photon is likely converted into an electric current 
across the junction. Typical values of J are about 10-® to 10-4 m, depending 
on carrier concentrations and the way the crystal is formed. 

The preceding discussion points out two conditions which must be met 
for effective utilization of photon-generated current: First, the p-n junc- 
tion must be effectively exposed to the light source. Second, provision 
must be made to collect and conduct the photovoltaic current to an ex- 
ternal load. A device which realizes the foregoing requirements is illus- 
trated in Fig. 6~4. Boron is diffused into a heavily doped n-type silicon 


Soldered 


Diffused p-type 
contacts one 





Original n-type 
silicon wafer a 


Fig. 6-4. Essentiau Parts or A SoLaR CELL. 


wafer, and a p type skin of a few microns thick is formed on the top. Elec- 
tric contact is made to the top and bottom by first nickel plating the sur- 
faces and then soldering at the places shown in Fig. 6-4. The electrical 
load is connected across the soldered contacts. When light strikes the top 
surface, a positive electric current flows from the top contact through the 
load to the bottom contact. 

The number of photons absorbed and converted into electricity can 
be determined by measuring the external current while keeping the two 
soldered contacts at the same potential. Figure 6-5 shows the result of such 
a measurement with monochromatic light beam at various wavelengths. 
Also shown are calculated total response and n-layer and p-layer responses. 
At short wavelengths there are fewer photons for the same light intensity, 
Iq. (6-3), and consequently the response is proportionately lower, At long 
wavelengths, the photon energy is too low to knock an electron in the 




































































184 PHOTOVOLTAIC EFFECT AND SOLAR CELLS SEC. 6-3 


sees © Experimental 


Theoretical 


A a @ 
(2) {2} oO 


Relative response (short circuit current) % 


ipo) 
oO 





4000 6000 8000 10,000 12,000 
°o 
Wavelength \(A) 


Fig. 6-5. Carrier CREATION WITHIN A Sonar CELL. (Re- 
printed from M. B. Prince and M. Wolf, “New Developments in 
Silicon Photg-voltaic Devices’? The Journal of the British Institu- 
tion of Radio Engineers, Vol. 18, pp. 583-594, October 1958.) 


valence band to the conduction band. Note that the energy gap of silicon 
is 1.1 ev, and consequently the cut-off wavelength is 
12,398 ; 
= —— = ILA 
eal 

which agrees very well with Fig. 6-5. The maximum relative response 
occurs at a wavelength of approximately three-fourths of the cutoff 
wavelength. 


6-4. OPERATING CHARACTERISTICS OF A PHOTOVOLTAIC CELL 


With the two terminals of a photovoltaic cell short-cireuited, the short. 
circuit current JZ, is due to the diffusion of photon-generated minority 
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particles across the junction. For a light beam of given color or frequency 
composition, J, is proportional to the light intensity. Although the cur- 
rents J;, Iz, Z;, and J, as defined in Sec. 6-1 are also present, their total 
value is zero and they do not contribute to the external current. 

Now if the external short circuit is replaced by an external load as 
shown in Fig. 6-6(a), a voltage V is developed across the load. The voltage 


Light, photons 







Load 


fe J 
$ resistance 


Current 
baad generator 


(a) (d) 


Fig. 6-6. Sotar CELr as p-c GENERATOR. 


V lowers the potential difference across the junction and a larger propor- 
tion of majority particles succeed in getting across the junction. Thus [¢ 
and J; are increased. The minority currents J, J;, and 7, remain unchanged, 
however, as long as the minority particles are still going downhill across 
the junction. The external load current is 


Irn=il,thth-h—-k 
= I, — Ig(eeV/*? — 1) (6-8) 


Equation (6-8) can be represented by the 
equivalent circuit of Fig. 6-6(b). A 


4 La 3 photovoltaic cell behaves very much like 
a current generator connected in parallel 
to a diode which is connected unifortu- 

2 nately in a direction allowing the bypass 
of the photon-generated current. 

It is readily seen from Eq. (6-8) that 
the load current versus load voltage 

1 characteristics is simply the upsidedown 
curve of Fig. 6-2 raised in the vertical 
direction by an amount /,. This is plotted 

0 “4 in lig. 6-7 with different values of J,. 
lor light beams of the same color, J, 

Fig. 6-7. Berner or Lianr jg directly proportional to the intensity of 

InreNstry ON THE Loap Cunnwn’ 


light. The significant points of the 7, — V 


VERSUS 'TORMINAL Vorradn Cunviy, nay 
characteristics are as follows: 
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1. Open-circutt Voltage, Vo 
With J; = 0, Eq. (6-8) gives 


I, = In(eeVo*? — 1) 
Is 
Vo = Vr log (- + 1) (6-9) 
Io 
where V7 is the thermal voltage kT7'/e. 
For the same 7’, Vo increases logarithmically with 7, and J, increases 


proportionately with light intensity. These relations for a typical solar cell 
are plotted in Fig. 6-8. 


0.6 


Open circuit voltage 
oO 
Oo 
Current density (ma/cm?) 





0 
0 20 40 60 80 100 
Radiation (mw/cm*) 
Fig. 6-8. Open-crrcuit VoLTAGE AND Suort Circuir CURRENT 
As Functions or Licut Inrensiry. (Reprinted from P. Rappa- 


port, ‘“‘The Photovoltaic Effect and Its Utilization’’ RCA Review, 
Vol. 20, No. 3, September 1959, pp. 373-397.) 


2. Maximum Efficiency and Maximum Output 
Because the input power is in the form of a beam of light and is inde- 
pendent of the output condition, the operating point of maximum output 
is also that of maximum efficiency. For each load voltage V, the load cur 
rent is given by Eq. (6-8). The output power can be expressed as a func- 
tion of V: 
P = V[I. — [o(e"/¥7 — 1)] . (6-10) 
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Differentiating P with respect to V and setting the result to zero gives 


ll 


VIn 
0 = I, — I(eV¥"7 — 1) — —evirr 
V 
V 
err(1 + —) (6-11) 


r 
( 8 1) 
Iy Ae Vr 

Equation (6-11) gives V at maximum output as a function of J s/Io. From 
Eq. (6-8) and Eq. (6-10), the current and maximum power output can 
also be calculated. Figure (6-9) gives the three dimensionless ratios Vn/ Vo, 
Im/Is, and Pm/Vo I, for various values of I,/Io, where Vimy Im, and Pm are 
the voltage, current, and power delivered to the load at the operating 
point for maximum P,,. We note that the curved I, — V characteristic is 
indeed advantageous from the point of view of power utilization. If I, 
decreases linearly with V, then the three ratios at maximum output are 
simply 0.5, 0.5, and 0.25. Thus, for the same open-circuit voltage Vp and 
short-circuit current J,, the curved characteristics of F ig. 6-7 give two to 
three times as much output as that of the linear case. 


3. Efficiency versus Light Intensity 

The efficiency of a photovoltaic cell increases with the intensity of the 
light beam. Assuming that the Fourier composition or color of the light 
beam remains unchanged, the input power and 7, are proportional to the 
light intensity, whereas Vo, P/V» I, increase with light intensity. 

A limit to the improvement in efficiency is reached when the terminal 
voltage V,, is still less than, but almost equal to, E, of Fig. 6-1. This is so 
because Eq. (6-8) is valid only if some potential gradient in the right 
direction is maintained at the junction. 


Example 6-2: Assuming that the relative response (Fig. 6-5) is at its 
maximum when the wavelength of the light beam is 75% of the cutoff 
wavelength of the crystal, determine the wavelengths of maximum response ' 
for Ga As (H, = 1.34 volts) and Cd Te (EZ, = 1.45 volts). 


Sotution: Let A» denote the wavelength of maximum response. 
For Ga As 





12398 
An = ——— X 0.75 = 6930 A 
1.34 
For Cd Te 
12398 
m= — X 0.75 = 6410 A 
he 
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Example 6-3: The maximum reversed current Jo of a certain silicon cell 
is 0.01 microampere. Its short-circuit current 7, when exposed to sunlight 
is 5 amp. The operating temperature is 25°C. Calculate the following: 

(a) Open-circuit voltage 

(b) Maximum output 

(c) Load current and voltage for maximum output 


SOLUTION: 
Vr = 8.616 X 10-° X 298 = 0.0257 


a, y, 84 
Vn log (1 + =, ©. Gaga 


0.0257 X 20 = 0.52 volt 


From Fig. 6-9, the following readings are obtained for a I,/Io value of 
By eg atk 


Vo 





% 
=e (SBR = 0.808 
Vo Vols 
I 
— = 0,945 
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NT 06 10 
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I;/Ig 
_— 


Fig. 6-9. Maximum Ourrur AND THE OrERatiNG PoInT FoR 
Maximum Ourpur. 
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Therefore, for the maximum output point, 
V = 0.52 X 0.855 = 0.445 
In = 5 X 0.945 = 4.72 
P = 0.445 X 4.72 = 2.1 watt 


6-5. CONVERSION EFFICIENCY 


The conversion efficiency is defined as 

VI 
s NeE yn 
where VJ is the output electric power, EZ, is the average photon energy in 


electron volts, and N is the number of incident photons per second. The 
product Ne, is the power of the incident light beam. Let 





U] (6-12) 


K, = the fraction of photons which have succeeded in passing through 
the crystal surface. 

Kz = the fraction of photons which have succeeded in freeing a 
valence electron sufficiently close to the junction to cause a 
minority carrier to go over the junction. 





Then, 
fy = eNKiKse 
and Eq. (6-12) can be written as 
VI 
n= Kik, (6-13) 
ols 


For maximum conversion efficiency, 7m, V, and J in Eq. (6-13) are replaced 
by Vm and I» respectively. Because I, >> Ip, and exp {Vn/ Vr} > 1, Eq. 
(6-11) and Eq. (6-8) become 


= = @VnlVr (1 + ) (6-14) 
Io Vr 
Tan 1 Vien 
— = 1l——elell? = | — ———— = ————.__ (6-15) 
Le Ve 1 + Vn/Vor Vie + Vo 
Substituting Eq. (6-15) into Eq. (6-13) gives 
| Kik ( —") (6-16) 
sia Va + Ve Lyn 
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Equation (6-15) shows that the maximum conversion efficiency is a product 
of four ratios, each of which is less than unity. The two ratios Ki and 
Vin/(Vm + Vr) are quite close to unity: Ki = 0.95; Vn/(WVm + Vr) 2 
0.95. Assuming these values, Eq. (6-16) becomes 


mm = 0.9 K(—*) (6-17) 
Eph 
From Eq. (6-17), the maximum theoretical efficiency can be estimated: 
Using monochromatic light with E>, slightly larger than E, so that maxi- 
mum response is obtained, Ky and V,, can be as high as 0.9 and 0.75 Epn 
respectively. The estimated maximum efficiency is then about 60%. With 
silicon cells energized by sunlight, K2 is about 2/3, and V,, is about Ey /3. 
The estimated maximum efficiency is about 20%. Test results for silicon 
cells range from 7% to 14% when these cells are energized by sunlight. 

When different materials are used in a solar cell, Ky reduces with in- 
creasing gap energy but V,, increases with increasing gap energy. A com- 
promise between these two effects must be made. 

Another relevant factor is the change of performance with temperature. 
The efficiency of a photovoltaic cell decreases as temperature increases. 
Referring to Sec. 3-11, the Fermi levels of doped semiconductors shift 
toward the center of the forbidden band as temperature increases. Conse- 
quently, #, of Fig. 6-1 is decreased and the available output voltage is 
also decreased. Furthermore, as J) increases with temperature exponentially 
and J, is practically independent of temperature, the ratio I./I» is de- 
creased with increased temperature. All these effects cause P/Vo J; to 
decrease when temperature is increased. 

Figure 6-10 illustrates the calculated efficiency of a solar cell versus 
its energy gap for various temperatures. It is to be noted that the optimum 
semiconductor energy gap increases as the temperature is increased. Thus 
at room temperature, cadmium telluride is the optimum material, whereas 
at 300°C the optimum is material “‘Z” with an energy gap of 1.8 electron 
volts. The material ‘‘Y’’ gives best over-all performance for the tempera- 
ture range from room temperature to 300°C. It is generally possible to 
modify the energy gap by using ternary compounds, and the materials 
“Y” and “Z” could very well be made in that way. To quote Rappaport:* 


The major problems encountered in making efficient solar converters from these 
new materials were 


(1) Making suitable ohmic contact to the n and p regions. Rectifying or high» 
resistance contacts lower the output voltage and current appreciably. In general, 
EE 

* Reprinted from P. Rappaport, “The Photovoltaic Effect and Its Utilization” 
RCA Rev. 20. No. 3, (September, 1959) pp. 873-397. ; 
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Fig. 6-10. Errictency versus Enercy Gap ror Various Tem- 
PERATURES. (Reprinted from P. Rappaport, “The Photovoltaic 
Effect and Its Utilization” RCA Review, Vol. 20, No. 3, Septem- 
ber 1959, pp. 373-397.) ; 


metallic plating and soldering, or an indium alloy dot solves the problem. Figure 


6-11 shows the difference i isti 
be aay In current-voltage characteristics caused by poor con- 


(2) The need for low resistivity in the p- and n-type regions. This is required to 
obtain the maximum voltage per junction and a low series resistance. This problem 
is solved by using highly doped original material and by controlling the alloy or 
diffusion process to get a maximum impurity concentration. : 


& The fact that the pn junctions do not behave according to theory. This can 
e caused by crystal imperfections, current leakage across the junction, or poor 


oe contact, The solution to this problem lies in better material, proper etching, 
ower diffusion temperature, and improved ohmie contacts, 









































192 PHOTOVOLTAIC EFFECT AND SOLAR CELLS SEC. 6-5 


V (volts) —> 





{000 {500 2000 
i (microamperes) 


0 500 


Fig. 6-11. Errect or Contracts ON CURRENT-VOLTAGE CHARAC- 
TERISTICS OF Ga-As SoLAR CELL. (Reprinted from P. Rappa- 
port, “The Photovoltaic Effect and Its Utilization” RCA Review, 
Vol. 20, No. 3, September 1959, pp. 373-397.) 


6-6. CONCLUSION 


For conclusion, we shall quote Rappaport again:* 
The advantages of present solar cells as energy conversion devices are: 


(1) Photovoltaic cells have given the highest over-all conversion efficiency from 
sunlight to electricity yet measured. The best value reported is 14 per cent. 


(2) Such cells are easy to fabricate, being one of the simplest of semiconductor 
devices. 


(8) They have unlimited life. 


(4) They have high power-to-weight ratio for satellite applications. Cells having 
an efficiency of 10 per cent yield 50 watts per pound on the ground in sunlight of 
100 mw/em?, and about 12.5 watts per pound on a satellite in sunlight of 135 
mw/cm? where tumbling, rotation, cell matching, higher temperature, light losses 
in cover, and other factors are taken into account. A cell 15 mils thick with contacts 
is considered in the above. 

(5) Photovoltaic cells are area devices that don’t require high temperatures for 
high efficiencies, thus eliminating lenses and concentrators in all but very special 
applications. 











* Reprinted from P. Rappaport, “The Photovoltaic Effect and Its Utilization” 
RCA Rev, 20, No, 8, (September, 1959) pp. 8736397, 
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(6) In large-scale application, the problems of power distribution by wires could 
be eliminated by the use of solar cells at the site where the power is required. 

The two main disadvantages to date are the high cost and the need for a storage 
device. 

In the near future, silicon solar cells should be available with efficiencies in the 
15 per cent range. Cells using other materials or combination of materials should be 
capable of 20 per cent conversion efficiency, and large-area polycrystalline films in 
the square-foot-range might yield 5 per cent efficiency. Such devices will represent 
very strong competition in the solar-energy-conversion field for the new thermo- 
electric or thermionic devices which are showing promise. 
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PROBLEMS 


6-1. Calculate the photon flux for a plane electromagnetic wave at 1 megacycle. 
The power of the electromagnetic wave is 1 micromicro watt per square 
meter. 


6-2. The energy distribution of a certain light source is given by 
dW = Ky'en!0 dy 


where dW ig the intensity of the light beam with frequencies in the range dy 
in watt/m’, and K and vp are constants, Assume that a crystal with energy 
gop Ly in used, and each photon with Ay > i?) onuses & Unit charge to cross 
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6-5. 


6-6. 
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the junction and each photon with hy < E, causes no conversion current at 
all. At what value of E, is HJ, a maximum? What percentage of photons 
have caused conversion current at this optimum value of E,? 


Discuss the effects of the following changes on the efficiency of a solar cell: 
(a) An increase in the coefficient of reflection at the crystal surface 

(b) An increase in reversed current 

(c) An increase in the diffusion lengths of minority carriers 

(d) An increase in the concentrations of majority carriers 

(e) An increase in the concentrations of minority carriers 


. The silicon solar cell of Ex. 6-8 is used under different conditions of light 


intensity, and J, varies from 0.5 to 5 amp. 


(a) Plot the V versus J characteristic curves for I, = 0.5, 1, 2, and 5 amp 


respectively. 4 
(b) Assume that there is a series resistance of 0.1 ohm and replot the foregoing 


characteristics. 


Repeat Prob. 6-4(a) and (b) with J, kept constant at 5 amp but Jo taking 
on various values: 0.01, 0.1, and 1 ya. 


Assume that sunlight has an average intensity of 500 w/m? during an eight- 
hour period each day, and 15 days per month are rainy or cloudy. Estimate 
the total area of solar conversion needed to supply an average family with 
electricity at the rate of 500 kwh per month. Assume the efficiency of the 
solar cells to be 5%. 





CHAPTER SEVEN 


FREE ENERGY AND FUEL CELLS 


Fuel cells convert chemical energy directly into electrical energy without 
going through the intermediary of heat and so eliminate a step which is 
always associated with marked increase in entropy. Fuel cells offer the pos- 
sibility of more effective utilization of fossil fuel, theoretically estimated at 
doubling the output of the present steam turbine-generator unit with the 
same amount of fuel. 

There are two kinds of technical problems: first, whether it is possible 
for a proposed process to take place; second, how to accelerate a theo- 
retically possible process. The present chapter gives a thermodynamic 
solution to problems of the first kind, and a survey of current research 
efforts on problems of the second kind. 


7-1. GENERAL DESCRIPTION OF AN ELECTROCHEMICAL PROCESS 


An electrochemical process can be de- 
scribed by the block diagram of Fig. 
7-1. There are various substances A, 
B, C... going into the process, and 
various substances X, Y, Z, coming out 
: of the process. Those going into the 
Fig. 7-1. Brock Dtacram or an process are called reactants; those 
ELECTROCHEMICAL PRocEss, coming out of the process are called 

products. Wlectrical energy ne# may be 
generated or consumed by the process; heat Q may be liberated or absorbed ; 
and mechenical work Wo may be done by the gas on the external system, 
195 


Electrochemical 
process 
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Fig. 7-2. A Fur. Crit or tHe Jon-ExcHaANGE MEMBRANE 
Typr. (Reprinted from G. A. Phillips, “Status of the Ion-Ex- 
change Membrane Fuel Cell’’ Electrical Engineering, Vol. 81, No. 
3, March 1962, pp. 194-201.) 


or vice versa. As an example, consider the H»-Oz fuel cell illustrated in 
Fig. 7-2. Hydrogen and oxygen are supplied to the “anode” side and 
“cathode” side of the cell respectively. The two sides of the cell are 
divided by an ion-exchange membrane which allows the passage of 
hydrogen ions H+ but not the oxygen Oz. The ion-exchange membrane is 
about 1 mm thick. Each surface of the membrane is coated with a catalyst 
that facilitates the cell reactions and also serves as the electrode. The 
reactions which take place can be expressed as 


“‘Anode”’ reaction 
2H.—> 4H+ + 4e (7-1) 
“Cathode” reaction 
4e + 4H+ + O. —> 2H.20 (7-2) 
Over-all reaction 


Equation (7-1) means that two hydrogen molecules become four hydrogen 
ions at the ‘anode’ surface and four electrons are released, The electrons 
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are then conducted away by the “anode” through the external load to the 
“cathode.”’ The hydrogen ions pass through the ion-conducting membrane 
to the ‘‘cathode” where they recombine with O2 and the electrons to form 
H.O. This step is represented by Eq. (7-2). As the pressure of O2 is above 
the vapor pressure of HO, the latter condenses and is drained away from 
the O2 compartment. 

The over-all reaction is summarized in (7-3) : In addition to the chemi- 
cal change, electrical energy 4e# and heat Q are released and mechanical 
energy 3RT is absorbed. The mechanical energy is present because the re- 
actants He and O: are in gaseous state but the product H,0 is in liquid 
state and occupies negligible volume. The hydrogen and oxygen sources 
are doing mechanical work when He and Oz are forced into the cell. For 
each mole of reaction Eq. (7-3), the work done by these sources are 2RT 
and RT respectively, where FR is the universal constant and T is the tem- 
perature of the fuel cell. The work done by external sources per molecular 
reaction is 3RT/Ny) = 3kT. 

For the general case of Fig. 7-1, the over-all reaction can be written as 


> nM;— nE+Q+W (7-4) 


where 7; is the number of molecules of type 7; entering into the reaction. 
The number 7; is positive if M; is a reactant and is negative if M; is a 
product. The mechanical work done by the reaction is denoted as W. 
Taking the H»-O> fuel cell as an example, M,, M2, and M; represent Hz», Ox, 
and H,O respectively; ni = 2, ne = 1,n3 = —2,n = 4, and W = —3kT. 
Equation (7-4) can also be interpreted on a macroscopic scale: There 
are n; moles of substance /; involved in each mole of reaction, e is the 
charge per mole of electrons (96,500 coulombs) and Q and W are the heat 
released and mechanical work done, respectively, per mole of reaction. 


7-2. GIBBS FREE ENERGY 


Let U; represent the internal energy per molecule or per mole of M;. Con- 
servation of energy requires that 


i nU; = nE+Q+W (7-5) 


Given any operating condition, which usually consists of the operating 
temperature and pressure or partial pressures of the gases, W per mole 
of reaction is completely fixed, Its value is given by 


We DmaVy (7-6) 
‘ 
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where AV; is the increase in volume of the substance /; for each mole of 
reaction. Obviously AV; is negative for the reactants and positive for the 
products. Let V; denote the volume occupied by 1 mole of M/; under the 
operating condition (7, pi). Then AV; = —niV;, and Eq. (7-6) becomes 


W = —Ddi np: (7-7) 


Equation (7-5) shows that the excess energy of the reaction oe niU;-—-W 


is either dissipated as heat or is converted to electrical energy. But it 
gives no indication of the partition between the two which is of greatest 
practical importance. Of course, we should like to have all the excess energy 
converted into neH, and, if possible, to make Q negative so that neH can 
be even larger. The limit is set, however, by the second law of 
thermodynamics. 

Let S; denote the entropy per mole of substance WM; under the operating 
condition: temperature 7’ and pressure p;. Consider the change in entropy 
of the entire system, including the chemical process and the environment 
with which it exchanges thermal energy. Since n; moles of 1; disappear 
for each mole of reaction, its entropy disappears with it. The increase in 
entropy due to the change in chemical substances is 


(AS): = — 83h niSi (7-8) 


Note that, as some n; are negative, (AS); can be positive as well as nega- 
tive. The increase in entropy of the environment is 


Q 
piace 7-9 
(AS) (7-9) 


Since the delivery of electric energy ne and mechanical energy W does 
not involve any change in entropy, the total increase in entropy is 


AS = (AS)1 + (AS)2 = — Do niSi 5 9 “ 20 (7-10) 


The last inequality sign is due to the second law. 
Inequality (7-10) can be written as 


—T nS: +Q20 (7-11) 


Substituting Eq. (7-5) and Eq. (7-7) into expression (7-11) gives 
—-T Do n8; + D> ni + > npiVi = nek > 0 
1 i i 
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The preceding inequality can be rewritten as 
neE < Don(U; + pi — TS;) (7-12) 


If the process is reversible, the equality sign holds in Eq. (7-10) and con- 
sequently also in Eq. (7-12). 

The expression U; + piVi — TS; has a very important physical 
significance. Let it be denoted F;. First, F; has the dimension of energy. 
Second, >) n.F; represents a decrease of total F because of the reaction, 


and Eq. (7-12) means that this decrease in total F is equal to the electrical 
energy generated in a reversible process. As electrical energy does not have 
any entropy associated with it, it can be converted into any other form of 
energy. Thus the energy > nF’; is also free to be converted into any other 
form of energy. : 

In Sec. 2-3, we discussed the significance of orderly and disorderly 
forms of energy. Electrical and mechanical energies are orderly forms of 
energy, whereas thermal energy is a disorderly form of energy. Chemical 
energy is a mixture of both. Later, in Chapter 2, we introduced the notion 
of entropy and showed that entropy is associated only with the disorderly 
thermal energy and that the orderly forms of energies do not have any 
entropy associated with them. The discussion in this chapter allows the 
excess energy released in a chemical reaction, )\ n:;U; — W, to be sepa- 


rated precisely into two parts: an entropy-free part >> ;F; and a thermal 
energy Q. ‘ 

A more perceptive way of comprehending the foregoing is to regard U; 
as consisting of two parts: an entropy-free part F’;, and a remaining part 
in thermal energy. The sum )> n;F; represents the excess in entropy-free 


energy of the reactants over that of the products. It is, therefore, the 
entropy-free energy released in the reaction and can be converted into 
other forms of entropy-free energy. 

Dropping the subscript 7, the entropy-free energy of a substance is 

F=U+pV —-TS (7-138) 

F is called Gibbs free energy or Lewis’s free energy in honor of the pioneer 
investigators who have discovered its significance. Another reason for 
naming F after a person is distinguishing it from the other forms of free 
energies in thermodynamics which will be discussed in a later section. 

Equation (7-12) can now be written as 


neE < Donk; (7-14) 


1 
Es — Donk, (7-15) 
ne 4 
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Equation (7-15) sets a limit to the generated emf of an electrochemical 
process in terms of the free energies of the reactants and products. The 
equality sign is to hold for reversible processes. For many basically reversi- 
ble reactions, however, the experimentally measured F is less than its 
theoretical value, if the reaction generates electricity, and is greater than 
its theoretical value if the reaction consumes electricity. The reason for 
this discrepancy is not completely known. It may be caused by the following 
two effects among others: 


(1) Catalysts are generally used at the electrodes to speed up the reaction. 
As the reactions with the catalysts are usually not reversible, they cause 
the entropy to rise and # to decrease accordingly. 


(2) The concentrations of the ions at the electrodes are generally lower 
than their equilibrium value with the un-ionized gas for various reasons. 
For instance, in the H»-O, fuel cell described in Sec. 7-1, the Ht ion con- 
centration at the “cathode” is limited by various effects which will be dis- 
cussed later. Although the H+ ion concentration at the ‘‘anode” is approxi- 
mately in equilibrium with the He pressure, its value at the “cathode” is 
considerably lower and is not in equilibrium with the latter. 


The total energy released in a reaction can be expressed in terms of the 
heat content H: 
H=U+ pV (7-16) 


(See Sec. 5-6a for the enthalpy flux.) Equations (7-5) and (7-7) give 
nH +Q = Yon(Uit+ pVi) = Lindi (7-17) 


Equations (7-14) and (7-17) give 


Q> Ln(Hi — Fi) (7-18) 


The total energy released in a chemical reaction is >> n.H;. Its distribution 
is restricted by inequalities (7-14) and (7-18). : 


Example 7-1: The change in heat content, and Gibbs’ free energy for the 
reaction 2H, + O2 — 2H20 are given as 


AH = —)>)n; H; = —136.5 kcal/mole 
AF = — >on; F; = —113.4 kcal/mole 
where Hz and Oy are gases at 25°C and 1 atm, and H,0 is in liquid state, 


Calculate the theoretical values of the emf generated in a Hy-O, fuel cell 
and the heat released. 





SEC. 7-3 FREE ENERGY AND FUEL CELLS 201 


Sotution: There are 4e generated in each molecular reaction. Therefore 
the maximum emf generated is 
113.4 X 4.18 
PY igeleie bets She ek 
96.5 X 4 


The heat released is at least 136.5 — 113.4 = 23.1 keal per mole. 


b] 


= 1.23 volts 


7-3. CHANGE OF FREE ENERGY WITH TEMPERATURE AND PRESSURE 


In the expression for free energy, 
F=U+pV—-—-TS=H-TS (7-19) 


p, V, and T are readily measurable quantities, but U , H, and S are not. 
Theoretically the values of U, H, and S are zero at 0°K, and their values 
at other temperatures can be obtained by integration. This, however, is 
impractical to do. Not only are measurements near 0°K difficult to make, 
most materials behave abnormally at these low temperatures and it is 
impossible to extrapolate. 

The only recourse then is the direct measurement of AF for a given 
reaction at some standard condition from the reaction itself. The AF at 
other conditions are then calculated from AF at the standard condition. 

To illustrate this procedure, let us assume that, in the temperatures 
and pressures of interest, the following conditions are valid: 


(1) The reactants and products are either ideal gases or liquids or solids. 
The ones which are liquids or solids occupy negligible volume. 


(2) The specific heats at constant pressure are constants. 
For an ideal gas, 


AH = AU + A(pV) 
Cy AT + A(RT) = (Cy + R) AT 
= C, AT 


(7-20) 


Note that Eq. (7-20) is valid whether the pressure varies or not. For a 
solid or a liquid, pV is negligible, C, and Cy are the same and Eq. (7-20) 
is also true. 

Let the superscript ° be used to denote the thermodynamic variables 
at the standard condition, Equation (7-20) can be written as 


H=- Ho = (C,(T — 7°) (7-21) 
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The change in entropy will now be calculated: 


TdS =dU+pdV =d(U+ pV) — Vdp = dH — Vdp = C, dT — Vdp 


(7-22) 
For gas 
aT dp 
= Cpr os 
dS Fp ; 
T p 
S = S*= °C; we, — R log ss (7-28) 
For liquids and solids 
dT 
dS = Cor 
tM 
S — 8S = C, log 7 (7-24) 


From Eq. (7-23) and Eq. (7-24), the change in 7'S is calculated: 


TS — Te§e = Col log ws [7 tog | 4+ $°(T — T?) (7-25) 
oO Pp’ 9 


where [ 7], means that the term inside is there for gases only. From Iq, 

(7-21) and Eq. (7-25), we obtain 
T p 

y jo) — a 7-26 

F— Fo = (C, — &)(T — T°) OyT log 5 + [RP toe?) ( ) 


Summing Eq. (7-26) over all reactants and products, we obtain finally 
LaF; — Link? = CL mC — Le niSt](T — T°) 

~ (Salty? log = + RT Dn log (7-27) 
In Eq. (7-27), >.’ means that only the gases are included in the sum, We 


note that the only unmeasurable quantity on the right-hand side of Iq, 
(7-27) is S$. The sum > n;S% can, however, be calculated as 


1 10 
DSi = 5 (Lalit — Dink) Co 
i oo i . 
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Example 7-2: If the pressures of Hz and Oy are increased equally without 
changing the temperature of the fuel cell in Ex. 7-1, at what pressure is it 
possible to convert the excess energy of the reaction entirely into electrical 
energy at least theoretically? 


Sotution: Since H does not change with pressure under the assumptions 


stated, it is necessary to increase the excess free energy to the same value 
as the heat released. Therefore, 


Links — Yo nFt = 136.5 — 113.4 = 23.1 keal per mole 
Equation (7-27) gives 
Dp 
23.1 = 8RT log — 
Dp 


23.1 X 108 


= = exp =) = 3 = 5000 
p° 3 X 1.987 x 298 


The pressures of Oz and Hy, have to be increased to 5000 atm. 


7-4. THE GIBBS-HELMHOLTZ EQUATION 


The Gibbs-Helmholtz equation gives the exact temperature coefficient of 


the electromotive force in a reversible electrochemical process. Unlike Eq. 
(7-28), its validity is universal and is not limited to processes involving 
only materials with idealized or approximately idealized properties. 

From Eq. (7-19), the total differential of the free energy F of any 
given substance is 


dF = dU + pdV + Vdp — TdS — SdT 
= Vdp — SdT (7-29) 


According to Sec. 2-2, T and p can be selected as the two independent 
variables specifying the state of the substance. As F is a variable of the 
state, it can be expressed as a function of the two variables 7 and Dp. 


Therefore, 
dF (=) dp + (=) dT 
~ Nope? * Nar, 


where the subseripts 7' and p mean that in taking the partial derivative 


(7-30) 
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of F with respect to one variable, the other variable is kept constant. 
Comparing Eq. (7-29) and Eq. (7-30) gives 


ps eee oll 
aT/, 
For a reversible electrochemical process, the equality sign of Eq. (7-15) 
holds 
neE = > nF; (7-32) 


Differentiating Eq. (7-32) with respect to 7’ while keeping all the pres- 
sures p; constant gives 


ne (~) = Din; (—) = — u Nii (7-33) 





oT i oT 


The last equality sign is due to Eq. (7-31). Multiplying Eq. (7-33) by T 
and substituting H; — F; for T'S; gives 


oH 
neT (<) > uF: — Don: 
OT. p a a 


neE — Yo nH 


ll 


The preceding equation can be rewritten as 


i 

E = r(—) at ae > nH; Se E, (7-34) 
oT p ne ; 

where E;, would be the emf if all the energy liberated from the reaction 

were converted into electrical energy. Equation (7-34) is known as the 


Gibbs-Helmholtz equation. 

An interesting conclusion from Eq. (7-34) is that the temperature CO* 
efficient of the emf is negative in a reversible process in which the con» 
verted electrical energy is less than the total energy liberated from the 


process. 
We can carry the above derivation one step further to find an expression 


for 0?H/dT?. Since 
TdS =dU + pdaV = dH — Vdp 


( eee le} 7 v| e (7-35) 


oH 
1 -) -Vid 
C,dT + I), p 


ll 





SEC. 7-5 FREE ENERGY AND FUEL CELLS 205 


As S is a variable of the state, it can be expressed as a function of p and 
T. Therefore, 


dS = (--) dT + (~*) dp (7-36) 
OLTs Op/ 
Comparing Eq. (7-35) with Eq. (7-36) gives 
| he 81) 
GIES te 


Differentiating Eq. (7-33) with respect to 7 gives 


eH OS; 1 
—) = Lm eS SY oF z 
se cal din ah pu nCe (7-38) 





Example 7-3: Calculate the temperature coefficient of the emf for the fuel 
cell of Ex. 7-1, assuming that it is a reversible process. 


Sonution: By definition, 





136.5 X 4.18 
E, = ——— = 1.48 volts 
96.5 K 4 
Equation (7-34) gives 
OF E,—£ 1.48 — 1.23 
(—) Fat = — —_—— = 0.84 x 10- volt/degrees K 
Ons, 1h 273 + 25 


7-5. PROCESSES WITH CHANGING TEMPERATURE AND PRESSURE 


In the preceding derivation of the relation between the emf of an electro- 
chemical process and Gibbs free energy, the only important assumption is 
that of uniform temperature for all the reactants and products in the 
process. It is not necessary to assume that the temperature and pressures 
remain constant. For a process with changing temperature and pressures, 
one may consider a very small change A at a time, say, one-millionth of a 
mole. Only the small fractions of reactants which take part in the very 
small change A and products which are direct yields from A are considered 
parts of the system. The bulk of the reactants and products which are 
already there are considered parts of the environment. Within the process 
4, pi and 7 can be regarded as constants, and consequently Iq. (7-12) 
and Eq, (7-15) are still valid, As a process with varying py and 7 can be 
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broken up into a succession of processes A, these equations are expected 
to hold at every stage. Thus we come to the following conclusion: 


In a process with varying pi and T, Eq. (7-12) and Hq. (7-15) 
hold at every instant. The equality signs in these equations apply if the 
process is reversible. 


The only assumption then is that of uniform temperature throughout 
the process. Even this assumption is not as restrictive as it sounds, how- 
ever, if only an approximate result is of interest. For instance, if there is 
a temperature difference of 100°C between the reactants Hz and O: of Ex. 
7-1. The change in energy released should not be greater than what is 
required to heat or to cool one of the gases by 100°C. As O2 has a specifi¢ 
heat per molecule of 7k/2, 


Zk AT = % X 8.616 X 10- ev/deg X 100 deg = 0.03 ev 


The theoretical energy released per molecule of O, is 1.23 X 4 = 4.92 ev. 
Thus, the error due to a temperature difference of 100°C is only about 1%, 


7-6. THERMODYNAMIC FREE ENERGIES AND CONDITIONS OF 
EQUILIBRIUM 


The treatment of Gibbs free energy in the preceding sections is quite 
adequate for all practical purposes concerning a fuel cell. As the subject 
of free energies is of considerable importance, however, it is worthwhile to 
treat the subject once again from a more general standpoint. 

Consider a system of uniform temperature 7' having a flexible exterior 
wall which permits free heat exchange. The system is compartmentized 
with volumes V;. Correspondingly, pressures p; are exerted by the system 
on various parts of the exterior wall. The total entropy and internal energy 
of the system are denoted as S and U. For a certain process, the increment# 
in S, U, p; and V; are AS, AU, Api, and AV; respectively. Assuming that 
the process can take place only slightly, these are infinitesimal or minute 
increments. In addition to the mechanical work >> p; AV; done by the 


system on its environment, the process also delivers some other form of 
entropy-free energy AW (e.g., electrical energy nel). 

Let AQ represent the heat absorbed by the system from its environ= 
ment. The conservation of energy requires that 


AQ = AU+ Lp AVi + AW (7-39 
‘ F 
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As the entropy of the environment is reduced by AQ/T, the second law 
of thermodynamics requires that 


AQ 
AS — T 20 (7-40) 


It is obtained from Eq. (7-39) and Eq. (7-40) 
AW < TAS — AU — DAY; (7-A1) 


For a reversible process, the equality sign of Eq. (7-41) holds, and 
AW has the following significances: 


(1) If AW > 0, the process can take place spontaneously. An entropy- 
free output energy of at most AW can be obtained from the process. 


(2) If AW < 0, the process cannot take place spontaneously. In order to 


make it happen, an external, entropy-free energy of at least AW must be 
supplied to the process. 


(3) The relation AW = 0 gives the condition of equilibrium. A system with 


AW = 0 is in a state of equilibrium insofar as the particular process is 
concerned. 


Under certain external conditions, the expression on the right-hand 
side of Eq. (7-41) can be written as a decrease of some appropriate variable 
of the state. The latter is then called a free energy of the system. Its signifi- 
cance is that an entropy-free output can be obtained only as a decrease in 
the free energy of the system: 


AW = —AF (7-42) 


A list of the external conditions and the corresponding free energy 
function is given in Table 7-1. 


Tasie 7-1 

Eaternal Free Condition for Process 

Condition Energy to Take Place 
Constant T' and p; ' H—TS8 —A(H — TS) > AW 
Constant 7 and V; U— TS —A(U — T8) > AW 
Constant S and p, H —AH>AW | 
Constant S and V, U -AU > AW 
Adiabatis process, AQ = 0 AS>0 
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In Table 7-1, H is the enthalpy or heat content: 
H=U+ = piVi 
To show how the entries in Table 7-1 are obtained, let us consider the 
case of constant 7’ and V;. From the assumed condition, 
AV; = 0 
T AS = A(TS) 


ll 


inequality (7-41) becomes 
AW < A(TS — U) = —A(U — TS) 


The function U — T'S is called Helmholtz free energy. 2 | 
For the case of constant S and p;, AS = 0, and p; AV; = A(piVi). 
Inequality (7-41) gives 


AW < —A(U + DX piVi) = —AH 


A process with constant entropy is called an isentropic proc 
process with AQ = 0 is called an adiabatic process. The latter means t q 
there is no exchange of heat between the system and its environment. 3 
the process is reversible, then the equality sign of expression Sa “_ 
hold. An isentropic process is then adiabatic and vice versa. But the wo 
are not the same in the general case. For an adiabatic process, expression 


(7-40) reduces to 
AS > 0 


as a necessary condition for the process to occur. There is no on 
which determines both the condition of equilibrium and the amount 0 
entropy-free energy to be gained from the process. 

Table 7-1 gives the appropriate free energies under various external 
conditions as H — TS, U — TS, H, and U. Because H and U are a 
known as enthalpy and internal energy respectively, only H — I S a 
U — TS are called free energies. From the way each is derived, Gibbs free 
energy H — T'S is generally associated with constant-pressure process" 
and Helmholtz free energy U — T'S is generally associated with constant 
volume processes. 


7-7. WHICH FREE ENERGY? A PUZZLE AND A SOLUTION 


Some textbooks on thermodynamics argue that Gibbs free energy is used 
for determining the condition of equilibrium in chemical processes because 
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these are constant-pressure processes. The argument is somewhat mis- 
leading: Many chemical processes take place inside a rigid enclosure and 
therefore the volume is constant instead of the pressure. Why then should 
not Helmholtz free energy be used instead of Gibbs free energy to deter- 
mine the condition of equilibrium? 

To be more specific, consider the electrochemical process described in 
Sec. 7-1 and Sec. 7-2: If a minute fraction, m, of a mole of the reaction 
takes place, each substance M; is decreased by an amount nym. At first 
glance, the total decrease in Helmholtz free energy is 


A(U — TS) = — Li nm(U; — TS;) (7-43)? 


Should not expression (7-12) be replaced by 


neE < 3) nd(U; — TS) (7-44)? 


First, we shall attempt a common-sense answer. If expression (7-12) 
were true only for constant-pressure processes, and (7-44) were true for 
constant-volume processes, we could well imagine a chemical process which 
had reached equilibrium in a certain container under condition of constant 
pressure, and which was set into motion again by shutting off a valve at 
some remote place without ever disturbing the contents of the container, 


but thereby changing the process into a constant-volume process. If we 


were ingenious enough, we could probably set up a perpetual motion inside 
the container by turning the valve on and off and utilize the perpetual 
motion to get some work out of it. Of course, these things are not possible. 

The fallacy does not lie in the use of Helmholtz free energy, but in 
calculating the change of Helmholtz free energy by Eq. (7-43). As the 
volume remains constant, the partial pressures of each substance are neces- 
sarily changed. Thus the change in Helmholtz free energy has two parts: 
One part is the free energy of the newly added or subtracted portion of 
each substance as given in Eq. (7-43). Another part is the change in 
Helmholtz free energy of the different substances which are already there. 
When both parts are taken into consideration, A(U — TS) at constant 
volume is identical to A(H — TS) at constant pressure. 


To illustrate this point, consider a chemical process involving a mixture 


of ideal gases. A mixture of ideal gases is easy to calculate, as it has the 
following desirable properties: 


(1) The funetions U; and S; per mole of each gas depend on 7’, and a 


pi only, where p, is the partial pressure, and are independent of the pres- 
ence of the other gases, 
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(2) The total U, S, and p are simply sums of the partial ones. Let ms 
denote the number of moles of the 7th gas: 


U= BS miU; (7-45) 
S= ba miSi (7-46) ) 
= u Di (7-47) 
(3) The ideal gas law is observed by each gas individually 
pV = mRT (7-48) 


where V is the volume occupied by the mixture. 

The mixture is assumed to be homogeneous, so that there is uniform p 
exerted on the exterior wall. The chemical process is represented by a very 
small change in the number of moles of each gas: 


Am; = nm (7-49) 


Our problem is to determine A(U + pV — TS) under condition of con- 
stant temperature and total pressure 7, and A(U — T'S) under condition 
of constant 7 and V. 

Note that under the definition of Sec. 7-6, our present problem has & 
single p and a single V. The subscript 7 can be dropped. We shall use it 
now for a different purpose to designate different gases instead of 
compartments. 

Assuming the properties of ideal gases, Eq. (7-45)—(7-48), we obtain 


U + pV — TS = Dm{U(T) + RT - TS:(T, pi) ] (7-50) 


Although p remains constant, the partial pressures pi May or may nob 
remain constant. Consequently, S:(7, pi) may also change. As the variae 
tions Am; are very small, however, the resulting variations Ap; are also 
very small, and we need only consider the first-order variations in Iq, . 


(7-50). ; 
A(U + pV — TS) = (Am) (Ui + RT — T Si] 


a 


ak? Lem Si(T, pi + Api) — Si(T, pi)] (7-51) 


The expression S;(7, pi + Api) means entropy per mole of the ith gas at 
the pressure p; + Api. Its difference from S:(7, p:) can be determined by 
calculating the increase in entropy of the gas in a reversible process which 
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changes its pressure from p; t 
«tO DP; " ‘ 
mole of the gas. Then, pi to pi + Ap;. Let V; denote the volume per 


TLS:(T, pi + Api) — S(T, p.) = AU: + p, AV; 


- JERE Ap; 
=O+ pia(—) =—rr— (7-62) 
Substituti i ¥ 
ituting Eq. (7-52) into Eq. (7-51) gives 
A(U + pV — TS) = Da (Am:)(U; + RT — TS;] + pee LNs 


i 


= 2 (Am) (Us + RT —-18,] + ¥ SS Ap, 


Sin i 
ce p is constant, x Ap; = 0, and the foregoing equation becomes 


ACU + pV — TS)rp = Do (Am) [Us + RT — T8,] (7-53) 


Th i 
e subscripts 7’ and p means that 7 and p are constants. The expression 


is exactly the same as that which 
y woul i i i 
a ould be obtained if all the partial pres- 


Now let us evaluate A(U 
-— She 
volume. Instead of Eq. (7-51), we i aa at SERN ear 


A(U — TS) = PS, (Am:)[U; — TS,] 


—T u miSi(T, pi + Api) — S(T, p:)] (7-54) 


As Eq. (7-52) remains valid, it ca 
‘ t can b 
simpler expression: 5 40 e used to reduce Eq. (7-54) to a 


A(U — TS) = Zs (Am:)[U; — TS;] + py ME (7-55) 
a 4 Pi i 


Because 7’ and V are constants, Eq. (7-48) gives 


Api _ Am 
ao (7-56) 
Substituting Eq. (7-56) into Eq. (7-55) gives 
A(U — T8)ry = 2 (Am) CU; + RT — TS;] (7-57) 


The right- i , i 
1¢ right-hand side of Hq, (7-57) is exactly the same as the 


side of Hq. (7-58), right-hand 
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In the foregoing special case, it has been proved that, owing to a change 
in Mi, 
A(H — TS)r.> = A(U — TS)rv 
Thus the condition of equilibrium and the amount of entropy-free energy 
which can be obtained from the process (or which must be supplied to the 
process) per mole are independent of the external conditions but depend 
only on the instantaneous values of the temperature 7’ and partial pres- 


sures i. 
Actually a much more general result can be proved. For a chemical 


process involving not only ideal gases but any kind of substances, the 
following relations are valid: 


(AH) s,p = (AU) s,v 53 A(H = TS)2.p a A(U “= TS) rv 


Hence the real significance of Table 7-1 is not to give different values 
of AW under various external conditions, but to give different for- 
mulas for calculating the same AW. Gibbs free energy as the easiest 
to calculate because its value per mole remains constant if the tem- 


perature and pressures remain constant. 


7-8. DEFINITION AND GENERAL DESCRIPTION OF A FUEL CELL 


A fuel cell is an electrochemical device in which the chemical energy of & 
conventional fuel is converted directly into electrical energy. To start 
with we shall answer the two following questions: 


1. Why do we want to do this? 
2. What are the necessary features in such a device? 


The first question can best be answered with the help of Fig. 7-3 and 
Fig. 7-4 in which the total energy released —AH = >, n:H; and free 


energy released —AF = > nF; are plotted against temperature for the 


oxidation of two basic fuel elements 
2H, + Os —> 2H20 


C+ O22 —> COz 


At any given temperature, the entire heat of reaction (—AH) may be t= 
leased as heat, or a very substantial part of (— AH) up to (—AF’) can be 
converted into electrical energy by a fuel cell and the remaining part 
(— AH) be released as heat In either case, the released heat can then 
converted in part into electrical energy by heat engines of various types 
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~AF and -AH (kilocalorie /mole) 





0 500 {000 1500 2000 


Temperature °K 


Fig. 7-3. Taz Enruatpy anp G 
IBBS FREE ENER 
BY THE Reaction 2 H; + O, > 2 H.O i ants 


the temperature at which the reaction takes place is sufficiently high. The 
arrangements are illustrated in Fig. 7-5. The advantage of the fathee 
scheme, Fig. 7—5(b), in terms of efficiency is quite obvious. 
mp ie of the corrosion of electrodes at high temperature, there is 
BC oubt whether a feasible fuel cell can ever be made to btats at 
7 ern boiler temperature. Figure 7-5(b) may not be realistic. If we com- 
re: 2 aaeicd heat engine with a fuel cell operating at low tempera. 
, Which usually converts 60% to 90% of —AF i ; 
fuel cell is still the more i ia ara agg ise pipiens 
ie ee more immediate reason for the current interest in fuel 
% 7 nee 2h t Ks sorte: and weight and cost per kilowatt are independent 
er rating down to a few watts. This propert k 
of fuel cells very attractive a Sela din ei ee oe 
; s portable power plants in various appli 
; 5 ica- 
ee e.g., to provide electrical power for spacecraft, to replace the diesel 
: re generator in locomotives, ete. With further improvements in cost 
- ional applications can readily be found in a wide range of com- 
at Nerden Even 2 its present stage of development, the fuel cell 
, ’ 1e8 more electrical energy or power per wnit wei 
storage battery or a turbine elie Pabe catpi 
tery or a t generator set, Its efficiency is alre i 
compared \o oxivting portable power planta, Picks # an og 
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Kt) C+ 40, —> CO 
(2) CO +40,—> CO, 


~AH, -AF (kilocalorie/mole) 


40 
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Fig. 7-4. Tue Enrnaury anp Gisps Free ENERGY RELEASED 
By THE Reaction C + O2 > CO2. 


To determine the necessary features in a fuel cell, we note that in 
“burning” a fuel, the fuel atom loses one or more of its electrons to an 
atom of oxygen, and the resulting ions are bound by electrostatic attraction, 
In this process, some excess energy is released as heat. In a fuel cell, the 
ions are forced to do some work before they are allowed to come together, 
The situation is illustrated in Fig. 7-6, which is a rough sketch of the electria 
potential inside a fuel cell. Either the negative ion travels from electrode 2 
to electrode A or the positive ion travels from electrode A to electrode B. In 
either case, the traveling ions lose energy and also give the effect of an 
electric current 7 inside the cell from A to B. 


The ramifications of this basic concept are the following: 


(1) To complete the circuit of the electric current, an external current ¢ 
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Fig. 7-6. Porentia, D1acram or a Fue. CEut. 


must flow from electrode B to electrode A 
trot | . A load can be placed i 
external circuit to collect the converted electrical energy. ‘ eis 


(2) The potential difference V is a i 
rhe po utomatically created by th i 
of maintaining a current 7 through the load, se aiate aati 


(3) The electrical power delivered tc 1, Whi 
: ‘live 10 the load is Vi, which is exactly tl 
power given up by the ions in climbing the potential hill, iia 
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(4) Since a neutral atom of the fuel or oxygen does not give up any of its 
energy in passing through the potential hill, the neutral atoms must not 
be allowed to travel from one electrode to the other. Consequently, the 
electrodes must be separated by some sort of a medium which allows the 
free passage of one or both types of ions but not the neutral atoms. 


(5) In forming the ions, and in the final oxidation of the fuel, three differ- 
ent materials must be brought into simultaneous contact with each other: 
the oxygen or the fuel; the electrode to supply or to conduct away the 
electrons; and the medium to supply or to conduct away the ions. 


One possible type of medium which meets the requirements of item 4 
is an electrolyte which has the fuel or oxygen ions in it but does not dis- 
solve either the fuel or the oxygen. For instance, an acid electrolyte has 
an abundance of H+ ions. Although it would be difficult (if possible at all) 
to find any electrolyte with O— ions, all alkaline electrolytes have (OH)— 
ions which would do just as well because of the reaction: 


O, + 2H,O + 4e —> 4(0H)- 


The foregoing reaction means that an oxygen molecule combines with two 
H.0 molecules in the electrolyte and four electrons from the electrode to 
form four (OH)>~ ions in the electrolyte. 

As alkaline electrolytes are less corrosive to the electrodes, they have 
found wider adoption than the acid ones. The only known exception is the 
ion-exchange membrane cell mentioned in Sec. 7-1. The membrane is 
more or less an acid electrolyte in quasi-solid state. 

The requirement that neither oxygen nor the fuel have any appreciable 
solubility in the electrolyte is necessary to avoid penetration of neutral 
atoms through the electrolyte. With this requirement, the reactions are 
restricted to take place only along lines of triple contact of the electrolyte, 
the electrode, and the reactant on the same side. 

Keeping the preceding five points in mind, we arrive at the basic con= 
struction of a fuel cell as shown in Fig. 7-7. There are essentially five layers; 
The two outside layers are chambers for oxygen or fuel gas. Adjacent to 
the chamber, are the two electrodes which are made of porous material to 
allow oxygen and fuel gas to pass through so that lines of triple contact of 
gas, electrode, and electrolyte can be formed on the inside surfaces of the 
electrodes. Between the electrodes is the electrolyte. 

Although electric current in the external circuit flows from electrode # 
to electrode A, and electrode B is at a higher positive electric potential 
than A, most of the literature on the subject of fuel cells refers to A as thé 
anode and B as the cathode. Probably the terminology originated from the 
electrolysis of water, as the early H,-O» fuel cells were no more than elec: 
trolysis in reverse. 
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Fuel gas Terminals Oxygen 















Fuel 


Electrolyte or 
chamber : 


other medium 


Electrode A Electrode 8 


Fig. 7-7. Basic Srrucrure or a Fueu Creu. 


7-9. TYPES AND CONSTRUCTIONS OF FUEL CELLS 


The construction of a fuel i i imari 

mene) cell is determined primarily by its intended 

bt af E 9 ay is Sica for portable power, the essential considerations 

; ciency, and cost in this order. Hydro d 

used as the fuel and oxidant, res i A ce 
, pectively, as these element: 

active with least complications Thei gekitgs Fe 
The ; 21h, 

bre ed ir waste product is H,O which is the 
If a fuel cell is develo i 

; ped for central station power, the essenti 

sential - 
siderations are fuel cost and efficiency. Carbon and sisitval gas (CH,) are 


) Ir 1 


C+ H.O —> CO + H, 
CH, + H.O —> CO + 3H, 


As these reactions are reversi 

ible, they add little to th 
products are mixt i ih eae 
a ures of CO and Hg, which are more readily used in a fuel 


Classified according to their basi 
: asic st 
different types: ructure, there 


are four distinctively 

1 pe Type, Low or Medium Temperature, Alkaline Hlectrolyte 

ae : ; asic structure of this type of fuel cell is that of Fig. 7-7. The 
etrodes are made of porous conductors, Concentrated KOH. solution 


(20% to 40% KOM) j 
ee 7 ) is used as the electrolyte, When Hy is the fuel, the 
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At the cathode 

O. + 2H.0 + 4e- —> 4(0H)- 
At the anode 

2H, + 4(OH)- —> 4H20 + 4e- 


Overall-all reaction 
2H, + Oz —— 2H2O 


The cells would operate for a short period if CO is used as the fuel. The 
reaction at the anode is then 


2CO + 4(OH)- —> 2H20 + 2COz + 4e7 
The over-all reaction is 
2CO + O2 —> 2COrz 
As soon as CO; is released, however, it is absorbed by the electrolyte 
KOH + CO; = KHCO; 


The electrolyte becomes gradually inoperative as the concentration of 
(OH)~ ions is greatly reduced by the presence of the bicarbonate. Thus 
this type of cell is not only unsuitable for operation with CO as fuel, it 
can also be contaminated by the presence of a trace of CO. in Hz or O2 as 
impurity. 

The representative developments along this line are 


(a) The Bacon cell. The cell invented by Francis T. Bacon (1952) of 
Great Britain is among the earliest of modern fuel cells. It operates at an 
elevated temperature of about 500°K at a pressure of about 400 to 1,000 
psi. The required pressure is above the vapor pressure of the electrolyte to 
keep it from boiling. Figure 7-8 illustrates the schematic diagram of a 
Bacon cell developed at the Patterson Moos Division of the Leesona Cor 
poration. The electrodes are made of sintered nickel with finer pores near 
the electrolyte. A slightly higher gas pressure (than the electrolyte pressure) 
of 3-5 psi is maintained across the electrode. The gas feeds through the 
coarse pores but is prevented from bubbling through the fine pores into 
the electrolyte by the surface tension of the latter. The elevated temperae 
ture can be sustained by the heat liberated from the cell reaction itself. 

The advantage of the Bacon cell lies in its high current density, about 
750 amp per square foot of electrode area at 0.7 volt cell voltage. Its dite 
advantage lies in the cost for providing a high-pressure system: 


(b) The Union Carbide Cell. This cell uses activated carbon electrodes 
which have highly developed surface areas and fine pores throughout, ‘The 
arrangement of the cell is illustrated in Fig. 7-9. Both electrodes are treated 
with a repellant to repel the alkaline electrolyte, ‘The clectrolyte remains ab 
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the outer surface while Hz and O2 diffuse through the pores of the electrodes. 
The electrode reactions take place at the outer surfaces of the electrodes. 
At low temperature there is a tendency for the cathode reaction to be 
incomplete 
O. + H.O + 2e —> HO; + OH- 


The carbon cathode of the Union Carbide cell is catalytically treated to 
decompose the peroxide ion 


2HO; —> 20H- + O: 


As the oxygen yielded is again used up to form hydro-oxide ions, the net 
reaction is exactly the same as the four ion processes mentioned previously : 


O2 + 2H,0 + 4e —> 40H- 


The Union Carbide cell has the advantage of operating at normal tem- 
perature and pressure (50° to 70°C and atmospheric pressure), and has a 
fairly high current density of about 100 amp per square foot of electrode 
area at 0.7 volt. The current density can be drastically improved by using 
pressurized Hz and Os, but this can be done only at too high a cost. 

There are many other cells of type (1) in various stages of develop- 
ment: Notable are those developed by Professor Justi of Braunschweig, 
Germany, by the Allis-Chalmers Company, and by the Electric Storage 
Company, etc. A common purpose appears to be to obtain high current 
density at normal operating temperature and pressure. The differences lie 
essentially in the various catalysts or materials used for the electrodes. 


2. Direct Type, Low-temperature, Ion-exchange Membrane 

The ion-exchange membrane cell developed at the General Electric 
Company, by W. T. Grubb and L. W. Niedrach has been described in 
Sec. 7-1, together with its electrode reactions. The distinctive or novel 
feature of this type of fuel cell is the ion-exchange membrane, which is in 
effect an acid electrolyte in quasi-solid state. 

Hydrogen ions can move from one side of the membrane to the other, 
but neutral atoms and other types of ions cannot. Each side of the mem- 
brane is coated with a layer of noble metals (platinum, palladium) which 
serves as the electrode as well as an electrocatalyst. 

Although the current density of the ion-exchange membrane cells is 
not as high as some of the other types, about 30 to 50 amp per square foot 
at 0.7 volt cell voltage, these cells have the advantages of high reliability 
and a compact construction. There is no possibility for neutral gas to 
bubble through the membrane, nor is there any danger of a liquid eleg 
trolyte drowning the electrode. The membrane including the electrodes is 
only about } in. in thickness, and relatively low current density is made up 
by the relatively low weight and bulk per unit area of electrode, 
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Figure 7-10 shows a cell assembly with a plural number of fuel cells 
connected in series. Although only two cells are shown, the same arrange- 
ment can be extended to any number of cells in series. The cells are con- 
nected electrically to each other and to the main terminals by a specially 
formed metal sheet denoted as a bipolar electron collector. It serves as a 
partition between the Hz and Oy» gases and also conducts away the heat 
generated within the cells to the cooling fins below. With this arrangement 
up to six cells can be packed in a space of 1 in. 
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Fig. 7-10. An AssemMBLy or Ion Excuance MEMBRANE CELL 
(Reprinted from G. A. Phillips, “Status of the Ion-Exchange 
Membrane Fuel Cell’? Electrical Engineering, Vol. 81, No. 8 
March 1962, pp. 194-201.) ‘ i 


Air instead of oxygen can be used in an ion-exchange membrane cell 


specially constructed for this purpose. Instead of having a dead end, air is 


allowed to flow continuously at the cathode side. The cell then operates 
at a somewhat reduced current density. 


Since the ion-exchange membrane is an acid electrolyte allowing only 


+5 ' : 
H* ion to pass, the only workable fuel is Hy, This, however, has the further 
advantage of being immune to CO, impurities, 
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3. Direct, High-temperature Cells 

As discussed previously, one important requirement of fuel cells for 
central stations is their ability to use hydrocarbon fuel, which can usually 
be converted into a mixture of H, and CO in a reversible process. The basic 
requirement then is for the fuel cell to work efficiently with Hz and CO. 

There are two basic difficulties with CO as fuel: First, it is not as reac- 
tive as He, and the current density is likely to be low. Second, it is quite 
difficult to find a suitable electrolyte. Since CO does not produce any 
hydrogen ion, it cannot be used with an acid electrolyte. It cannot be used 
with an alkaline electrolyte because of the formation of bicarbonates. If a 
carbonate is used as the electrolyte, as it is a weak alkali, the cell reactivity 
is likely to be lower still. 

One way to resolve the difficulties cited is to use fused carbonates as 
the electrolyte and to operate the cell at high temperature to increase its 
reactivity. Aqueous electrolytes are not practical at temperatures much 
above 500°K owing to the rapid increase in vapor pressure. Similar limita- 
tion on fused carbonates, however, occurs at a much higher temperature. 
In order to obtain as active an electrolyte as possible, Li, Na, and K car- 
bonates or a mixture of these are generally used. 

The electrode reactions are as follows: 


Cathode reaction 
Oz + 2COz + 4e- —> 2COz- 
Anode reaction 
H. + COz- —> H20 + CO: + 2e7 


CO + COz- —> 2CO, + 2e- 


As He is more active than CO, it is far more rapidly depleted than the 
latter. As the remaining gas can be recirculated and used over and over 
again, however, the carbon monoxide gas is eventually used up. 

The electrode materials must not be corroded under the high tempera 
ture operating condition nor must they develop resistive films. The ma- 
terials used in various experimental cells include a wide selection of metals 
and oxides: NiO, CusO, Pt, Fe, Ni, Co, Cu, Cr, Mn, and Ag. 

The current densities of various experimental cells range from 20-100 
amp per square foot at 0.7 volt cell voltage. The operational lives are rela- 
tively short, however, owing to corrosion of construction materials and 
loss of electrolyte through vaporization. 


4. The Indirect or Redox Cells 

Redox cells are so named because fuel and oxidant are used to regenerate 
two electrolytic fluids instead of reacting at the electrodes directly. The 
basic construction of a redox cell is illustrated in Fig. 7-11, The cell is 
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Fig. 7-11. A Repox CrE.t. 


divided by a diaphragm which allows free passage of H+ ion. A pair of elec- 
trolytes are circulated separately at two sides of the cell through two re- 
generators where they react with the fuel and oxygen. 


In a redox cell developed at the General Electric Company, H» and O» 
are used as the fuel and oxidant. The reactions are 


Anode reaction 

2Ti*+++ + 2H,0 —> 2TiO++ + 4H+ + 2e- 
Anode regeneration 

2TiO*++ + 2H+ + H, —> 2Ti+++ + 2H,0 


Cathode reaction 


Br. + 2e— —> 2Br- 
Cathode regeneration 


fs lan + 2Br- fe $02 = Br» +- H;,O 
The over-all reactions of the cell are 


Anode side 


_H; —> 2H+ +- 2e- 
Cathode side 


40; + 2e- + 2H+ —> H,0 


: F 
The operating current density is moderately high, The operating life is 
relatively short, however, and the cell is not in as advanced a stage of 
development as the ion-exchange mombrane coll, 
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In a cell developed at the King’s College, London, coal powder and air 
are used as the fuel and oxidant, respectively. 
The reactions are 


Anode reaction 
Wntt+ —> 2Sntt+++ + 4e- 


Anode regeneration 
QSnt+++ + 2H.O + C —> CO, + 2Snt*+ + 4Ht+ 
Cathode reaction 
2Br. + 4e- —> 4Br- 
Cathode regeneration 
4Br- + 4H+ + O. —> 2Br. + 2H20 
The over-all reactions of the cell are 


Anode side 
C + 2H,O ae COz oo 4Ht+ + 4e- 


Cathode side 
4H+ + O, + 4e- —> 2H20 


The King’s College cell has relatively low open-circuit voltage and low 
current density, about 10 amp per square foot at 0.62 volt cell voltage. 


7-10. OPERATING CHARACTERISTICS OF FUEL CELLS 


The terminal voltage of a fuel cell depends on its current density and 
operating temperature. A typical voltage versus current density curve is 
given in Fig. 7-12. The voltage E, is the reversible emf of the process given 


by 
(7-15) 





ne i ne 


Owing to various hindrances at the electrodes, however, the reversible emf 
is generally greater than the actual no-load voltage Lei ‘ 

At very light loads, the cell voltage drops sharply. T hen there is a 
linear range from A to B which usually covers the operating range of the 
fuel cell. Beyond B, the cell voltage again drops sharply with increasing 
current density, This curve is usually referred to in. the literature as the 
polarization curve, 
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Fig. 7-12. Cert Voitracr versus Current Density. 


The reason for the initial drop, or activation polarization, is not exactly 
known. It is probably due to various irreversible effects at the electrodes 
and can be regarded as the “motive force” required to make the ions leave 
one electrode and approach another. The dominant factor for the linear 
drop in the operating range AB is the ohmic resistance in the electrolyte. 
It is referred to in the literature as ohmic polarization. Beyond point B, 
electrostatic effects due to concentration gradient in the electrolyte begin 
to limit the current. The latter gives rise to unbalanced local charge which 
acts in much the same way as the space-charge effect in a vacuum tube. 
Another possible contributing factor is the density gradient of the reac- 
tants in the pores especially when there are impurities present. The lumped 
term for these two effects is concentration polarization. 

The internal emf £; is not the no-load voltage Z, but is 

obtained by extrapolating the linear range AB. When operat- 

R; ing in the linear range, the fuel cell can be represented as an 

internal emf Z; in series with an internal resistance R;, as 

illustrated in Fig. 7-13. The resistance R; is equal to the 

slope of AB in Fig. 7-12 divided by the electrode area of the 

cell. 

Fig. 7-13. According to published data, typical values of R; for a 

Eauivatenr fuel cell with 1 sq ft of electrode area is 0.004 to 0.008 ohm 

eee for the ion-exchange membrane cell operating at. slightly 

“above room temperature and 1 atm pressure, and 0.00035 ohm 

for a Bacon cell operating at 800 psi and 240°C, The internal emf for both 
cells is about 0,08 volt, 


a7 


; 
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Fig. 7-14 gives the reversible emf versus temperature curves for H2-O2 
cell and CO-O2 cell. These curves are readily calculated from the free 
energy data for the different materials. The reversible emf, however, is 
only part of the story. As the reactivity of a cell is generally increased by 
a rise in the operating temperature, the terminal voltage at a reasonable 
load is likely to increase with temperature rather than decrease. 
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Fig. 7-14. ReversisLtE VOLTAGE VERSUS TEMPERATURE: 
Sonip Curve, H2.+40:—-H.0; Broken Curve, CO + 
202 — COs. 


In most fuel cells, the loss through leakage of neutral molecules across 
the electrolyte is kept at a negligible value. Consequently, the efficiency of 
the cell is proportional to the cell voltage, V: 





—— i (7-58) 
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7-11. BASIC REQUIREMENTS AND A SUMMARY OF THE MEASURES 
TO MEET THESE REQUIREMENTS 


The preceding sections have discussed the advantages of a fuel cell: It is 
basically a simple device and compares favorably in terms of efficiency, 
weight, etc., with existing power plants as well as with batteries of the 
primary and secondary types. What then keeps it from wide adoption 
commercially? Some basic requirements must be met for successful opera- 
tion of a fuel cell, and as yet there is no way of meeting these requirements 
economically. 
The basic requirements can be grouped into two categories: 


1. Reactivity Requirements 
These are the requirements on the positive side about the desired 
reaction itself. The two important ones under this category are 


(a) Completeness of the reaction 

The fuel not only should be used up in the proper way, but should be 
in the stage of lowest free energy per atom before it is discharged. For 
instance, if in a fuel cell using carbon or hydrocarbon compounds, some 
carbon monoxide is discharged as the waste product instead of carbon 
dioxide, less than half of the free energy per carbon atom is utilized. 

A more serious defect is the leakage of neutral molecules through the 
medium or electrolyte. The “short-circuited” reaction represents not only 
a loss in utilizable energy, it could touch off an explosion in most fuel cells, 
e.g., the H2-Oz type. 


(b) Speed of the reaction 

The speed, or rate at which ionization and final oxidation can take place, 
and the rate at which ions can be transported across the medium impose a 
limit on the current density (current per unit area of electrodes) of the fuel 
cell and also determine the terminal voltage, or actual output voltage of 
the cell, for any given current density. This point has been discussed in 
Sec. 7-10. 

The most serious bottleneck on the speed of reaction is the electrode 
reactivity. As discussed in Sec. 7-8, the reactions can take place only along 
the lines of triple contact of the electrode with the electrolyte and one of 
the reactants. Mathematicians know only too well that any countable 
number of lines cannot add to a surface of finite area; the “site” of the 
reaction is just too small compared to that of normal chemical reactions 
which usually take place either on an entire surface or in an entire volume. 
Fortunately, the “lines” of contact are not exactly one-dimensional since, 
as long as cloctrode, electrolyte, and fuel gas (or oxygen) are brought 
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within atomic distances of each other, reactions can and do take place. 
Contrary to the dire predictions from overly simplified mathematics, our 
“dines” of contact do add up to an appreciable surface, though it takes 
much fabrication to do this. 

In most fuel cells two corrective measures are employed: (a) enlarging 
the site of reaction by using porous electrodes with numerous fine pores 
on the surface in contact with the electrolyte; (b) increasing the effective- 
ness of the sites of reaction by using activated electrodes, catalysts, and/or 
high temperature and pressure. 

The problem of transportation of the ions across the electrolyte is 
solved by using highly concentrated and active electrolytes. For instance, 
concentrated KOH electrolytes are used for (OH)~ ions. The difficulty 
does not lie in solving the problem itself but in solving it in conjunction 
with the invariance requirements. 


2. Invariance Requirements 
To insure long life, the fuel cell should not change with usage. To be 
specific, the invariance requirements can be itemized as 


(a) No corrosion or side reactions 

(b) Invariant electrolyte and electrodes 

(c) Adequate disposal of waste products and impurities in fuel and 
oxygen 

(d) Proper balance of gas and electrolyte inside the electrodes 


The preceding items are not meant to be independent. Of course, if the 
electrolyte corrodes the electrodes, the fuel cell will not last long. There 
are also more subtle effects, for instance, the waste products of cells using 
hydrocarbon fuels are H,O and CO». If not adequately disposed of, H,O 
could dilute the electrolyte, and CO, could dissolve in an alkali-based 
electrolyte to form bicarbonates. Impurities in the fuel and oxygen could 
poison the catalysts. In a fuel cell using air, the leftover nitrogen could 
block fresh air from entering the pores of the electrodes and thus cut off 
the supply of oxygen. Even without foreign matter, the pores can be 
gradually filled with the electrolyte or with gas; consequently there is & 
loss of the lines of triple contacts, and with it, the loss of electrode reac- 
tivity. Note that the gradation of pore size in the Bacon cell and the use 
of repellant in the Union Carbide cell are means to insure the lines of 
triple contact. 

Generally, the invariance requirements are in conflict with the reac= 
tivity requirements. The latter can be met through strong alkali electro- 
lytes, high temperature, and pressure—all of which tend to cause oF 
accentuate corrosion. The invariance requirements also constitute a sub. 
stantial hurdle in the way of using low-cost fuel and air because of the 


: 
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various side effects and the difficulties of disposing of a variety of waste 
materials originated from the impurities. 
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PROBLEMS 


7-1. At 1000°K and 1 atm pressure, the total and free energies released by the 
two reactions 


(1) C+ 40: —> CO 
(2) C+ O.—> CO, 


are (AH); = —26.8 kcal/mole 
(AH): = —94.4 kcal/mole 
(AF), = —47.8 kcal/mole 
(AF), = —94.6 kcal/mole 


Calculate the reversible emf ,, and (02,/07'), for the following reaction: 
CO + 40, —> COn + 2eH, + Q 


Ts heat released or absorbed by the process? 
What ia the maximum officieney Lyf Byt 














230 


7-2. Repeat the calculations in Prob. 7-1 for the following cases: 


7-3. 


7-4, 


7-5. 


7-6. 


(a) 


(b) 


are 


Silver electrode 


Platinum electrode 


Bates and Bower measured the emf of these cells with great care in the 
temperature range 0-90°C, and obtained the following result: 


FREE ENERGY AND FUEL CELLS 


pco = 10 atm 


Po, = 2 atm 

Pco, = 0.1 atm 
Poco = 1 atm 
Po, = 0.2 atm 


Poco, = 0.5 atm 


One type of galvanic cell is obtained by immersing a platinum electrode and 
a silver electrode in HCI solution. The reactions taking place at the electrodes 


Ag + Cl —> AgCl+e 


Ht + e—> 3Hp 
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7-7. Lewis and Randall gave the following empirical expression for the heat 
capacity of a gas at 1 atm pressure in the temperature range 298°K to 
2000°K [1, p. 66]: 


Cp=a+tbT+cT2 (P 7-7-1) 


Given Hog and S93 as the enthalpy and entropy of the gas respectively at 
298K. Find expressions of H, S, and F at 1 atm pressure as functions of fe 


7-8. In an electrochemical process, the Cp of the gases is given by Eq. (P 7-7-1), 
but the relation pV = mRT still holds for the different gases. How should 
Eq. (7-27) be modified? 


7-9. The process of changing graphite into diamond 
C (graphite) —» C (diamond) 
requires an increase in free energy 
AF = 685 cal/mole 


at 298°K and 1 atm pressure. The density of diamond is 3.52 gm/cm’, and 
the density of graphite is 2.25 gm/cm*. Assume that neither the densities 
nor the internal energies, U;, change with pressure and estimate the required 


E = 0.35510 — 0.3422 X 10% — 3.2347 X 10-% + 6.314 X 10~# volt pressure to give AF = 0. 


where tis the temperature in degrees centigrade. Assume E to be the reversible 


emf and calculate AF and Ad for the reaction 


Ag + HCl —> AgCl-+ 4H, 


The molality of a given aqueous solution is defined as the number of moles 
of the solute in 1 kg of water. In dilute aqueous solutions, the thermodynamic 
functions H and S of the solute vary with the molality in exactly the same 
way as H and S of an ideal gas do with its pressure. Bates and Bower made 


7-10. Show that in the linear range of operation of a fuel cell 


fe Enn(#; Fas! Enn) A 
R 
where 7 is the efficiency of the fuel cell as defined by Eq. (7-58), R is the 


equivalent resistance of a fuel cell with 1 sq ft of electrode area, and A is 
the total area of the fuel cell. 


P 


their measurements with 0.1 molar solution of HCl. What is the anticipated , 7-11. Find expressions of 


expression for # if the concentration of HCl is 0.01 mole? 0.5 mole? 


In a reversible chemical reaction, 


aA + 6B =——cC+ dD 


(a) maximum power Pn 
(b) 7 at maximum power 
(c) current density J at maximum power 


where A, B, C, and D are different solutes in the same aqueous solution, and in terms of #;, Hy, and R 
a, b, c, and d are small integers. Show that 





7-12. In space applications, an important concern is to minimize the total weight 


MM? ye for a given mission. The simplest case to consider is supplying a constant 
Mem power P for a period 7’, The required weight is the sum of three parts: 
: Pe : : ? : oT 
where K(7') is the equilibrium constant and is a function of temperature Weight of fuel and tank = I niWr 
only; the M’s are the molar concentrations of the solutes. n(—AH) ky 
Find a similar solution when the reactants are different kinds of ideal gas, 
; ; PT mW, 
The third law of thermodynamics states that U and S are zero at O°K, Weight of oxygen and tank (al) ara 
im 0 


Suppose there is an ideal gas which obeys the ideal gas law down to O°K, 


Show that U is finite but S is infinite at any given non-zero temperature, Weight of fuel coll WyA + Wy 
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where n; and no are the number of moles of fuel and oxygen per mole of 
reaction, where (—A#) is the energy released per mole of reaction in joules; 
Wy and Wo are the molecular weights of the fuel molecule and oxygen, 
£; and & are the packing factors (net weight/gross weight including tank) 
for the fuel and oxygen, W, is the weight per unit of electrode area, Wy is a 
fixed weight (e.g., weight of controls), and A is the total electrode area of 


all the fuel cells whether connected in series or in parallel. 
Show that for minimum total weight, each fuel cell should be operated 


at a point of efficiency 
me pees C1/C2 
1 Tht VG/G 











where 
Ch, RW. fa ( ) 
+” ExE; | (—AB) \ & £o 
a RW. 
a EB; 





Length 
Mass 


Energy 


Power 
Force 


Electric 
Charge 


Electric 
Potential 


Magnetic 
Flux 


Magnetiza- 
tion 


Magnetic 
Field 
Intensity 


MKS units 


lm 
lkg 


1 joule 


1 watt 
1 newton 


1 coulomb 


1 volt 


1 weber 


1 weber/m? 


1 amp-turn/m 


APPENDIX A 


Conversion Factors 


CGS units 
100 cm 


1,000 grams 


10’ ergs, 0.239 
cal 


10’ ergs/sec 
10° dynes 


0.1 emu, 3 X 
10° esu 


108 emu s¢z esu 


108 lines 


10,000 gauss 


4m X 10-3 


oersted 


English units 


39.37 in. 3.2808 ft 

2.2046 Ib 0.0684 slug 

0.73756 ft-lb 0.94783 
10 Btu 

1/746 h.p. 

0.2247 Ib 3.6 oz 

1 coulomb 

1 volt 

10° lines 


64,500 lines/in.2 


39.37 amp- 


turn/in. 





APPENDIX B 


Useful Physical Constants 


Name of Constant 


Electron charge 
Electron rest mass 
Velocity of light 
Planck’s constant 
Boltzmann constant 


Avogadro’s number 


Faraday constant 


Gas constant 


1 calorie 

1 electron-volt 

1 atomic mass unit 

Energy/degree 

Electrical susceptibility of vacuum 


Magnetic permeability of vacuum 


Symbol 


é 


™ 


ev 


k/e 


€0 


vo 
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Value 
1.6021 * 10~” coulomb 


9.1086 X 107 kg 

2.998 X 108 m/sec 

6.625 X 10~*4 joule-see 
1.3804 X 10-* joule/deg 


6.0247 X 107° molecules per kilo- 
gram mole 


96520 coulomb per mole; 9.652 X 
10° coulombs per kilogram mole 


8314 joules/deg kg mole 
1987 cal/deg kg mole 


4.185 joules 

1.6021 X 10" joule 
931.14 mev (million ev) 
8.616 X 10~ ev/degree 
(1/367) X 10~® farad/m 


4n X 10~ henry/m 
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Adiabatic process, 17 
expansion, 17 
compression, 17 


Basically reversible, 25, 39-41, 69 (see also 
Reversible engine) 
Bosons and fermions, 50-52 


Carnot cycle, the, 28-33 
Chemical energy, 3, 4, 8, 21, 195-228 (see 
also Energy) 
Coefficient of performance, 24, 28, 83, 85, 
87 
Condition of equilibrium, 207, 208 
Conduction of electricity: 
by electrons and holes, 55-57 
by electrons and ions in a plasma, 
140-150 


Density of photon, photon flux, 178 
Duality of matter, 41-43, 177, 178 


Eigenfunctions, eigenvalues, 46, 49 
Einstein’s law, 5 
Energy (see also Chemical, Nuclear, and 
Solar energies): 

conservation of, 138-17 

electrical, 14 

internal, 14 

mechanical, 14 

orderly and disorderly, 21 

thermal, (4 


Energy bands, 54-59, 99 
allowed, 54, 55 
conduction, 55, 57, 99 
forbidden, 54, 55, 99 
valence, 55, 57, 99 
Energy conversion chart, 8 
Energy gap, 57, 99, 181-184, 191 
Energy of photon, 177 
Energy states, energy levels, 46-55 
allowed, 49-54 
degenerate, 55 
nondegenerate, 55 
Equivalent Peltier effect, the, 80 
Enthalpy, 18-21, 157 (see also Heat 
content) 
enthalpy flux, 157 
enthalpy and free energy, 199-201, 207 
Entropy, 33-41, 75, 76 (see also Second 
law of thermodynamics) 
of charge carriers, 75, 76 


Fermi factor, 52, 99, 110-111 
Fermi level, 52, 99, 123 
First law of thermodynamics, 13-17 
Fuel cells, 196-228 
Bacon cell, 218, 219 
basie construction, 216, 217 
contamination of electrolyte, 228 
efficiency, 226 
equivalent cirenit of, 225 
gonoral deseription, 212-217 
high tomporature cella, 222 
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invariance requirements, 228 

ion-exchange membrane cell, 196, 220— 
221 

polarization of, 225 

reactivity requirements, 227 

redox cells, 222-224 

reversible emf of, 224 

Union Carbide cell, 218-220 


Gibbs free energy, 199, 207-212 
change with temperature and pressure, 
202 
Gibbs-Helmholtz equation, 203-205 


Hall effect, the, 147-149 
minimum partial pressure of electrons to 
avoid excessive Hall effect, 148 
Heat content, 18-21 (see also Enthalpy) 
Heat engine, 22 
Heat pump, 61, 94-97 
Heat reservoir, 22 
Heisenberg’s uncertainty principle, 42-44 
Helmholtz free energy, 208 
Hydraulic energy, 3, 8 


Ideal gas, 15-17, 209-210 
adiabatic process of, 17 
internal energy of, 16 
law, 15 
mixture of, 209-210 
Image force, 109, 123 
Tonization: 
by resonance, 123 
by seeding and high temperature, 
140-142 
Irreversible engine, 25 (see also Reversible 
engine) 


Junction diode, the, 179-181 
maximum reversed current, 181 


Kelvin’s relations, 72 


Law of intermediate conductor, 74-75 
Law of intermediate temperature, 73-74 


Magnetohydrodynamic engines, 133-173 
(see also Stagnation pressure versus 
enthalpy diagram) 

basic components, 134 
basic equation, 136 


conversion effectiveness, 160, 171 
dimensional analysis of, 150 
equivalent circuit, 138 
Hall effect, 147-149 
ionization, 140-142 
losses in, 151 
with constant cross-sectional area, 152- 
167 
with variable cross-sectional area, 167— 
173 
Magnetohydrodynamic jet, 135, 163 (see 
also Magnetohydrodynamic engines) 
Maxwell-Boltzmann distribution, 50 


Nuclear energy, 3-10 
artificial radioactivity, 6, 7 
fission, 4, 8, 9 
fusion, 4, 5, 8, 10 


Photovoltaic cell: 
characteristic equation, 185 
conversion efficiency, 189 
effect of poor contact, 192 
efficiency versus energy gap, 191 
efficiency versus light intensity, 187 
equivalent circuit, 185 
maximum efficiency, 188 
maximum output, 188 
open circuit voltage, 186 
response to monochromatic light, 184 
response to solar radiation, 186, 190 
short circuit current, 186 
typical construction, 183 
Photovoltaic effect, the, 181-185 
relative response versus photon wavé+ 
length, 184 
Polarization of fuel cells, 225 


Refrigeration engine, 22, 83, 85, 87 
Reversible emf, 199, 200, 224-226 
Reversible engine, reversible process, 25- 
32, 35-37, 69-73 (see also Basically 
reversible) 
reversible thermoelectric effects, 69-73 


Schroedinger’s wave equation, 44-46 
Second law of thermodynamics, 14, $4 
(see also Entropy) 
Clausius statement, 14 
Seeding, 142 ; 
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Semiconductors, 57-59 (see also Thermo- 
electric materials) 
doping of, 58 
intrinsic, 58, 59 
n-type, 58, 59 
p-type, 58, 59 
Solar cell, Ga-As, 191-192 
Solar cell, silicon, 184, 186 
Solar energy, 3, 8-10, 177 
Stagnation pressure, 155 
Stagnation pressure versus enthalpy dia- 
gram, 160-167 
inaccessible region, 162 
supersonic and subsonic flow, 162-164 
Stefan-Boltzmann constant, 119 


Thermal efficiency, 23, 24, 28 
Thermal exchange ratio, 24-28, 32 
Thermodynamic free energies, 206-212 
Gibbs free energy, 199 
Helmholtz free energy, 208 
under various operating conditions, 207 
Thermoelectric effects, 66-72, 101-104 
measurement of, 75 
Peltier effect, 68, 103 
Seebeck effect, 66, 101-103 
Thomson effect, 69 
Thermoelectric engine, 8, 39, 76-105 
basic construction, 76 
design equations, 94, 95 
maximum efficiency, 83, 85, 86 
operating equations, 77, 80 
typical layout, 92-94 
Thermoelectric material, 83-91 
figure of merit, 83-85 
Thermoelectric refrigeration engine and 
heat pump, 76-105 (see also Thermo- 
electric engine) 


basic construction, 76 
cascading, 94, 105 
design equations, 96, 97 
maximum coefficient of performance, 83, 
85, 87 
operating equations, 78, 81 
Thermionic converter, gaseous: 
control of ion density, 124-126 
efficiency, 129 
evaporation of cathode, 128 
losses, 127, 128 
methods of ionization, 123 
operating characteristics, 127 
Thermionic converter, magnetic: 
triode, 129, 130 
Thermionic converter, 
113-122 
current of, 114-118 
efficiency, 119 
equivalent circuit, 118 
equivalent figure of merit, 119-121 
universal curve of, 121 
loss due to radiation, 118 
potential distribution, 113-116 
Thermionic emission, 108-113 
energy distribution of emitted electrons, 
112-113 
Richardson’s equation, 111 
Table of constants, 111 
work function, 108-111 
Temperature dependence of: 
fuel cells, 204—206 
solar cells, 190, 191 
thermoelectric effects, 86-91, 101-103 
plasma conductivity, 146 


vacuumatic, 


Variables of the state and variables of the 
path, 19, 20 


